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Preface

This manual consists of the text from the exercise sections of Methods of
geometry, with solutions inserted for nearly all exercises. It’s intended for
use by instructors. It should help you in several ways:

* You can skim it to get an idea of the level of skill and persistence
required to complete the exercises in Methods of geomeiry.

* You can read it more closely to determine which exercises to assign.

+ It’s a source of hints that you can provide when your students need
help with an exercise.

+ It relieves you of the tedious calculations required for some of the
analytic geometry exercises.

Methods of geometry includes few routine exercises. Even those that demon-
strate only the simplest concepts often require some creative input, or organ-
izational skills to show that a procedure applies to all cases of a problem.
Many professional mathematicians who might find themselves teaching
an advanced geometry course have not experienced the preparation in
geometry that I enjoyed. The solutions manual can help you find a method
that works on an exercise that might seem unassailable at first. I was in
that situation once. Fortunately, I had the time then to explore the field
and find the lore surrounding these examples, or in some cases, reinvent
it. You can get hints from the solutions, consider which ones might benefit
individual students, and pass them on.

Frequently I assign an exercise, and point out immediately that I expect
students to consider it seriously, become perplexed, and visit me for consulta-
tion. When they can discuss a problem, I can suggest an approach. I evaluate
proposed solutions critically and point out errors and missing parts, and
suggest improvements. This process iterates until the solution is correct
or the course is over. Students get the satisfaction of doing something entirely
right, and I get the satisfaction of seeing that happen.

The solutions in this manual are not the only good ones! Each time I offer
the course, I receive for some exercise a solution I've never thought of. When
that happens to you, you'll remember it for a long time. So offer hints as
suggestions, but encourage and seriously consider students’ alternative
approaches. You learn from them!

vii
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viii PREFACE

Except for a few solutions whose authors I have acknowledged, all these
are my own work. Any errors that you find are my responsibility. I would
appreciate your telling me about them.

Please use this manual only for class preparation. The solutions are
copyrighted, and their further dissemination is not authorized.

James T. Smith
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Chapter

Solutions 10 exercises
on elementary
geometry

Chapter 3 was a fast, perhaps breathtaking, recapitulation of elementary
geometry. Most of that material you'd already studied. It had become central
to your later pursuit of the field, nevertheless somewhat foggy. A few areas
were perhaps new to you. The learn by doing precept applies to review as
well as initial study. To master elementary geometry, you need to draw
the figures and work out the proofs in chapter 3. And you need to do exercises,
to see how these methods apply in practice. The standard type of routine
elementary geometry exercise, fit for beginning students new to the material,
isn’t appropriate for this book. For those, you can consult a good school text,’
or a workbook devoted to that kind of exercise.? Even better, devise routine
exercises yourself. This chapter is a collection of meatier, nonroutine problems
that complement chapter 3. Most of them require a combination of methods
for solution. They're really problems in professional mathematics, not just
elementary geometry.

The exercises are collected in this chapter for two reasons. First, some
require considerable discussion just to state, and others are clearly peripheral
to the main course of the subject. Including them in chapter 3 would distract
you from its highly organized flow. Second, the most beneficial problems
exercise various combinations of solution methods, and it’s sometimes unclear
just where in chapter 3 they should be included. Although this chapter is

! Tor example, Moise and Downs 1964.
2 For example, Rich 1989.
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2 EXERCISES ON ELEMENTARY GEOMETRY

organized roughly the same way as chapter 3, its latter sections have been
shuffled to accommodate this particular problem selection.
Some exercises in this chapter complete discussions begun earlier. For
example,
Exercise 4.5.6 corrects the sophism discussed in section 2.2;
Exercise 4.6.2 completes the section 3.5 coverage of SSA triangle
congruence; and
Exercise 4.8.3 derives the formula for the volume of a sphere men-
tioned in section 3.14.

Others introduce entirely new subjects: for example,

Independence proofs for various axioms in section 4.1;
Arithmetic, geometric, and harmonic means in 4.5 and 4.6; and
Spherical trigonometry in section 4.9.

There are a few original exercises here. But for most, the author acknowledges
debt to his predecessors. Only a few exercises, with clear heritage, are given
footnote citations. Others are old gems, whose origin would be hard to estab-
lish. The author has used much of this exercise set for decades. Each year
new, different, solutions appear. You're encouraged to dive in, try out ideas
old and new, and make these problems your old friends.

Hints are provided for a few exercises. Sometimes they suggest an appro-
priate method. Don’t feel constrained to follow that, however, since many
problems yield to attack from several directions. Other hints are approximate
solutions: for example, “the answer is about 14.14.” These help you check
the feasibility of your solution. But you need to find the exact answer, which
isn’t obvious, even given the approximation. Indeed, 14.14 is about the same
asboth 11+ 7 and 1042, but those numbers are different.

4.1 Exercises on the incidence and ruler axioms

Concepts
Models of axioms
Finite geometric systems
Independence of the incidence axioms
Four-dimensional simplices
Ruler placement along a line

The incidence axioms of section 3.1 entail only a small part of Euclidean
geometry. It's impossible to single out many applications of that material
alone, so the exercises in this section are theoretical.

16:43 30 Oct 99



4.1 EXERCISES ON THE INCIDENCE AND RULER AXIOMS 3

Axiom I5 states roughly that there are enough points to do some three-
dimensional geometry. It's worded awkwardly. One reason for that was
to facilitate the proof of the more informative lemma 3.1.3 and theorem 3.1.4.
Exercise 1 explores alternate wordings. Exercise 2 shows that you can’t
do without I5, because the remaining axioms can be interpreted to describe
a structure—a model of those four axioms—that’s all in one plane. But
according to exercise 3, even with I5 you don’t get very much geom-
etry: I1 to I5 have a model consisting of just four points, so you can’t prove
from the incidence axioms alone that there are more than four.

Exercise 1. Can you replace axiom I5 by the statement, There exist four
noncoplanar points? How about, There exists a plane & and a point not
on &?

Solution. A mathematical system consisting of four points A to D, one
line {A, B,C,D}, and no plane satisfies axioms I1 to 14 and statement
#: There exist four noncoplanar points,

but not I5. Thus 11 toI4 and % don’t imply I5. It’s easy, however, to derive
I5 from I1 to I4 and the statement

. There exists a plane ¢ and a point not on &,
and to derive 9 from I1 to I4 and .#. Therefore, J could replace 15. ¢

Exercise 2. Consider the mathematical system depicted by figure 4.1.1.
It consists of

three points O, P, and @;
three lines {0, P}, {P,@}, and {Q,0};
one plane {O,P,Q}.

Show that this system satisfies all the incidence axioms except I5.
Solution. 1t's straightforward. ¢

Exercise 3. Construct a system with four points, six lines, and four planes,

that satisfies all the incidence axioms.

Solution. Each line contains two points, and each plane, three. ¢

Figure 4.1.1 Finite
plane for exercise 2
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4 EXERCISES ON ELEMENTARY GEOMETRY

Figure 4.1.2 Finite model
for exercise 4, part 1

Exercises 2 and 4 to 6 together demonstrate that the incidence axioms
are independent: None is derivable from the others. For each axiom .«
there’s a model in which .« is false but the rest are true. If you could derive
«# from the other axioms, it would also be true in that model.

Exercise 4, Part 1. Consider the system depicted in figure 4.1.2 with four
points, five lines, and four planes. Which incidence axioms does it satisfy,
and which not? Careful: Your answer should depend on whether you interpret
the word three in 12 as meaning three distinct.

Part 2. Modify the system of exercise 3 to produce one with four points,
six lines, and three planes, that satisfies all the incidence axioms except 12.

Solution, Part 1. The new system results from the old one for exercise
3 by removing line {@, R}. I1 fails because no line contains those points.
The systems have the same points and planes, so 14 must hold in the new
one. Moreover, any three distinct points that are noncollinear in the new
system were noncollinear in the old one. If you regard the word three in
axiom I2 as meaning three distinct, then 12 holds in the new system. If not,
then it fails because planes {O,Q,R} and {P,Q,R} both contain the
noncollinear points &, ¢, and R. Axiom I3 holds trivially in the new system
because each line contains exactly two points. Clearly, I5 holds in the new
system.

Part 2. The new system for this part results from the old one for exercise
3 by removing plane {P, @, R}. The systems have the same points and lines,
so I1 must hold in the new system. 12 fails because no plane contains the
noncollinear points P, @, and R. I3 and I4 hold because they did in the
old system. Clearly, I5 holds in the new system.

Exercise 5. Consider a mathematical system with five points, ten lines each
containing just two points, and ten planes each containing just three points.
Show that it satisfies all the incidence axioms except [4. Show how to interpret
this system as a simplex—the simplest polyhedron—in four-dimensional
analytic geometry.

Solution. The new system consists of a tetrahedron OP@R like the old
system for exercise 3, with each point joined to a new vertex Z in the “fourth
dimension.” You can think of its five vertices as the points
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4.1 EXERCISES ON THE INCIDENCE AND RULER AXIOMS 5

0=<0,0,0,0> P=<0,1,0,0> Z=<1,0,0,0>
@ =<0,0,1,0>
R =<0,0,0,1>

Planes {O,P,Z} and {Q, R, Z} have only a single point in common, so
I4 fails in the new system. It’s easy to verify the remaining axioms. ¢

Exercise 6. Construct a mathematical system that satisfies all the incidence
axioms except I13. Suggestion: You can do it by adding two points and some
lines and planes to the system of exercise 3, and adjusting the content of
some of the original lines and planes.

Solution. Start with the old system for exercise 3 and add a point N,
as in figure 4.1S.1. Enlarge the line {O,P} to {N, O, P} and the plane
{O,P,R} to {N,O,P,R} butleave plane {O, P, @} unchanged. Also
add lines {N,R} and {N, ®} and the plane {N,Q,R}. If you stopped
now, {N,Q@,R}n{0, P, ®} would be the single point ¢, so you must do
something more. Add a new point S as in figure 4.1S.2 and enlarge the
line {N,Q®} to {N,®,S} and the planes {O,P,Q} and {N,Q,R} to
{0,P,Q@,S} and {N,Q,R,S}. Also add lines {O,S}, {P,S}, and
{R,S} and planes {O,S,R} and {P,S,R}. ¢

Another interesting project along these lines would be to split I1 and 12
each into two axioms (they consist of two sentences each), and explore the
independence of the resulting system.

The ruler axiom of section 3.2 excludes finite models like those considered
in the previous exercises, since it states that the set of points on any line
corresponds to the infinite set of real numbers and shares many properties
with it. It says that you can establish such a correspondence—a scale—in
at least one way. Exercise 7 shows what other possibilities there are. These
relate to the ways you can place a ruler along a line in familiar experience.

R R
Q Q
1o} N P (0] N P
Figure 4.1S.1 Figure 4.15.2
Construction for exercise 6 Finite model for exercise 6

16:43 30 Oct 99



6 EXERCISES ON ELEMENTARY GEOMETRY

Exercise 7. Given a scale ¢ for a line g, and real constants o and b with
b==1, show that the function d defined by setting d(P)=a + bc(P), for all
points P on g, is another scale. Conversely, show that if d is any scale
for g, then there are constants a and b such that b==+1 and d(P) =
a+ be(P) for all P.

Solution. Clearly, if you define d by the formula d(P)=a + be(P),
it will map g one-to-one onto the set of all real numbers. Moreover, for
any points P and @ on g, |d(P) -d(Q)|=|b||c(P) -c(Q)| =PQ. Thus
d is a scale.

Now suppose d is any scale for g, and let O be the point on g with
d(0O)=0. For any point P on g,

d(P)y=d(P) -d(0O)==%|d(P) -d(0)|=xPO=%|c(P) - c(0)].
In fact, the same + or - sign holds in equation d(P)==%[c(P) - c(0)]
for every point P# O on g. For suppose

d(P)= ¢(P) -c(O)

d(@)=-[c(Q) - ¢(0)]
for some points P and @ on g. Then

c(P) - c(@)=+PQ

=+[d(P) - d(@)]
=+[c(P) +¢(Q) ~2¢(0)].

Considering the - and + signsin turn, youget P=0 or @ =0, contrary
to hypothesis. Thus, there’s a constant b = £1 such that d(P) =
-bc(O)+be(P)forall P. ¢

4.2 Exercises related to Pasch’s axiom

Concepts
Trihedral angles, their vertices and interiors
Lines and planes in general position
Partitioning a plane by lines
Partitioning space by planes
Recurrence formulas
Bounded sets
Difference equations

An ordered triple 9=<OP, 0Q,O0R> of three noncoplanar rays with a
common origin O is called a trihedral angle. O is its vertex. Clearly, 9
determines three angles /POQ, /QOR, and /ROP. (It might seem simpler
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4.2 EXERCISES RELATED TO PASCH’S AXIOM 7

to define J as those angles’ union, but that wouldn’t let you distinguish
one ray of J from another, which you must do to discuss congruence in sec-
tion 4.3.)

Exercise 1. Show that a trihedral angle .«# determines three dihedral angles,
the interiors of any two of which have the same intersection. That intersection
is called the interior of .«.

Solution. 1t's straightforward. Compare theorem 3.10.1. ¢

With n distinct points you can divide a line into two rays and n -1
segments that overlap only at common ends. The remaining exercises in
this section generalize that familiar result to two and three dimensions.
Exercise 6 introduces an algebraic method for solving polynomial difference
equations that arise in this study. Give as much detail as possible in your
geometric proofs, but don’t sacrifice readability and grace. You should be
able to confine your methods to those discussed in sections 3.1 to 3.3. These
results depend only on the incidence, ruler, and Pasch axioms.

The two-dimensional generalization of the notion of distinct collinear points
is that of coplanar lines in general position: Each two intersect, but no three
pass through the same point. For an example, see figure 4.2.1.

Exercise 2. Show that a finite set .# of n coplanar lines in general position
divides their plane £ into a finite number of disjoint partitions. One of these
is the union of .% darkened in figure 4.2.1. Each of the others is the intersec-
tion of a finite number of sidesin & of members of % Let p, be the number
of partitions. Show that p,., =p, +n + 1 for every n > 0. Compute
Di- Suggestion: Starting with no lines and one partition, add lines one by
one. Consider the new partitions created when you add the n+1st line.
Figure 4.2.1 shows that p,=12. You should find p,,=57.

Solution. That line g intersects the previous ones at n distinct points,
which divide it into n + 1 disjoint segments, each of which cuts a partition
in half. Thus g adds n + 1 new partitions. Start with p, =3 and climb
to piy- ¢

Figure 4.2.1 Coplanar lines
in general position
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8 EXERCISES ON ELEMENTARY GEOMETRY

A formula such as p,,,=p, +n+1 that expresses each entry of a sequence
Di,Ps, ... 1n terms of one or more of its predecessors is called a recur-
rence formula.

Exercise 3. Express p,, for n >0, as a polynomial in terms of n. Use
this formula to verify your value of p,,. Then compute p,,,. How does
the ratio p,,/p, behave as n increases? Suggestion: You should find
Dioo = D052

Solution. Use the familiar formula 1+2+ - +n="%n(n+ 1):

pi=3
Py=p;t2=3+2
ps=p,t3=3+2+3
pi=p;3+4=3+2+3+4

p,=3+2+3+-+n
=2+(1+2+3+--+n)
=2+%n(n+1)
=2+ n+"%n’

Ds,/D, approaches 4 as n increases. ¢

A point set X' is called bounded if there’s a number b such that PQ <
b for any points P and @ in X.

Exercise 4. In general, how many of the partitions in exercise 2 are unbound-
ed? How many for n =100? Suggestion: For n =100 you should find
201 unbounded partitions.

Solution. For n =0 there’s one unbounded partition; for n =1 there
are three. In general, the kthline g cuts into two pieces each partition
2 except the union of the lines. If gn 2 is a segment, then one of the two
pieces is bounded, and the other is bounded just in case 2 is bounded. If
g N2 is aray, then both pieces of 2 are unbounded. Thus, each new line
creates two new unbounded sets, so there are 2n + 1 unbounded partitions
2. ¢

A family of planes is said to be in general position if the intersection of
each three is a point, but no four pass through the same point.

Exercise 5. Show that a finite set .# of planes in general position divides
space into a finite number of disjoint partitions. One of these is the union
of .# Each of the others is the intersection of a finite number of sides of
members of % Let g, be the number of partitions. Derive the recurrence
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4.2 EXERCISES RELATED TO PASCH’S AXIOM 9

formula q,,,=4q, +p, - 1. Compute q,,. Suggestion: You should find
Qo= 177.

Solution. Adapt the solution of exercise 2. ¢

An integer constant ¢ and a formula that defines a sequence
d,,d,, ... determine a difference equation problem: to find a formula for
a sequence f,,f,,... suchthat f,=c¢ and f,,, - f, =d, forall k.

Exercise 6. Suppose d,,d,,... are given by a polynomial of degree n:
There are coefficients a, to a, suchthat d,=a,+ a,k + a, k> + - +
a,k" for all k. Show how to find a polynomial solution f of degree n +1
for the difference equation problem f; =¢ and f,., - f,=d, by solving
a system of linear equations for the coefficients of f.

Solution. See the exercise 7 solution. ¢

Exercise 7. Use the technique you developed in exercise 6 to find a formula
that expresses q, for n >0, asdefined in exercise 5, in terms of n. Use
it to verify your value of q,,. Then compute g¢,o. How does the ratio
Qs,/q, behave as n increases? Suggestion: You should find g,y =
166752.

Solution. q,=an®*+bn”>+cn+d
Qi ~ Q=2+ 2en+1

3an’+3an+a+2bn+b+c ="en’+Y%n+1
3an’+(3a+2b)n+(a+b+e)="n*+%n+1
3a =1 a=Y
3a+2b =% =b=0
a+b+c =1 c =%

d =2 because q, =3
q,="en*+%n+2

Q.,/q, approaches 8 as n increases. ¢
Exercise 8. In general, how many of the partitions in exercise 5 are

unbounded? How many for n=100? Suggestion: For n =100 you should
find 9903 unbounded partitions.

Solution. Call the number of bounded sets r,. Then r,=3 and r,,, =

r,+2n for all n. Applying Exercise 6, youget r,=n> -n+3. ¢

This section’s numerical results suggest a guideline for developing algo-
rithms for geometric software. Suppose you've used lines or planes to divide
a plane or space into partitions 2,,2,,... or T,,T,,..., and you know
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10 EXERCISES ON ELEMENTARY GEOMETRY

that only a few of the partitions have some specific property. If you must
perform some operation on just those partitions, then you should try to avoid
considering all the partitions and testing each in turn for that property.
There are so many that such an algorithm could be too inefficient. You should
look for some quicker way to identify the appropriate partitions.

Mathematicians have extended and modified the techniques involved
in this section to give more detail and to apply to related problems.?

4.3 Exercises on congruence and perpendicularity

Concepts
Angle between a line and a plane
Congruent trihedral angles
Congruent tetrahedra

The first two exercises in this section are simple applications of the theory
in sections 3.5 and 3.6. Exercises 3 and 4 are a little more involved; those
results are used often in more complex arguments about distances in triangles
and about perpendicularity in three dimensions. You may find exercise 5
the most challenging in this section. Although stated abstractly, it has a
very concrete application in operations research:

Your express company needs to drive four vans each morning from distri-
bution center X to retailers A to D. Assuming that only distances
are relevant, where should you locate X to minimize fuel costs?

The remaining exercises lead to a three-dimensional analog of the triangle
congruence theory developed in section 3.5. The mathematics isn’t difficult,
but this study requires attention to organization, and facility with three-
dimensional examples. Exercises 7 and 8 are open-ended. The author has
never seen a three-dimensional congruence theory published in detail.

Virtually all exercises in the rest of this chapter routinely use the con-
gruence and perpendicularity notions from chapter 3 that are stressed here.

Exercise 1. Infigure 4.3.1, X and Y are distinct points in the intersection
of distinct planes o and B, A isapointin « butnot £, and B isa

point in £ but not «. Also, AX=BY and AY = BX. Prove that
/AXB= /AYB.

3 See Wetzel 1978 for a summary, and follow its citations for more detail.
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4.3 EXERCISES ON CONGRUENCE AND PERPENDICULARITY 11

Q
X
Figure 4.3.1 Figure 4.3.2
Exercise 1 Exercise 2

Solution. By the SSS congruence theorem, AABX = ABAY. ¢

Exercise 2. In figyre 4.3.2, O isapointin a plane &, and P is a point
notin &. Line OP is not perpendicular to €. Find a point @ Z O in
£ sothat m/PO@ is as small as possible.

Solution. Let @ be the foot of the perpendicular from P to ¢, and
R be any point on & but not on ray OQ. Find point S on PR such
that PS=PQ. Then PQ<PS, so /POQ < /POS = /POR by the hinge
theorem. @ could be any other point on OQ. ¢

The smallest angle in exercise 2 is called the angle between OP and e.

Exercise 3, Part 1. Prove that if point X is between but different from
vertices A and B of AABC, then CX<AC or CX<BC.

Part 2. Prove that if point X lies inside AABC, then AX + BX <
AC+ BC.

Solution, Part 1. (See figure 4.3S.1.) By the exterior angle theorem,
m/AXC>m/B and m/BXC>m/A. If AC < CX and BC < CX, then
by the hinge theorem, m/AXC < m/A and m/BXC < m/B. These four
angle inequalities entail m/A<m/B and m/B<m/A — contradiction!

Part 2. (See figure 4.3S.2.)) Locate point B’ so that A-X-B' and
XB’ = XB. Then B’ lies in the interior of /BXC, so m/B’'XC <
m/BXC. Applying the hinge theorem to AB'XC and ABXC, you get
B'C < BC. By the triangle inequality, AX+ BX=AX + B'X=AB’ <
AC+B'C<AC+BC. ¢

16:43 30 Oct 99



12 EXERCISES ON ELEMENTARY GEOMETRY

C C
5
A X B A B
Figure 4.35.1 Exercise 3 Figure 4.35.2 Exercise 3
solution, part 1 solution, part 2

Exercise 4. Without using the parallel axiom prove that any three of the
following conditions on noncoplanar points A to D implies the fourth:

(B of AABC isright, /C of AACD is right,
(B of AABD isright, /C of ABCD isright.*

Solution. Assume the first three conditions; prove /C of ABCD isright
as follows. Since AB . BC and BD, theorem 3.5.5 yields AB. BCD.
By theorem 3.5.8, the perpendicular g to BCD through C is coplanar with
AB, hence g liesin ABC. Since CD L g and AC, theorem 3.5.5 yields
CD . BC.

To prove that /C of AACD is right from the other three conditions, start
the same way, to get AB . BCD. By theorem 3.5.5, the perpendicular h
to ABC through B liesin BCD. By theorem 3.5.8, h is coplanar with
the perpendicular k to ABC through C, so k liesin BCD. Now, CD
and & are perpendiculars to BC through C in BCD, hence CD =k
by theorem 3.5.1,s0 CD 1 AC. ¢

Exercise 5. Given four coplanar points A to D, find a point X such that
AX + BX + CX + DX is as small as possible. Suggesiion: Treat various
configurations separately. For example, consider

1. all points on a line,

2. D on the edge of AABC opposite B,
3. ABCD a convex quadrilateral, and
4. D in the interior of AABC.

Case 4 may prove troublesome. Try subdividing the plane as in figure 4.2.1
and considering X in various partitions.

Solution, Case 1. Name the points so they fall in the order A-B-C-D.
You can select any point X such that B-X-C. To see this, make the line
the X axis and look at the graph of AX+ BX+ CX+ DX.

4 This form of exercise 4 is due to H. N. Gupta (1967).
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4.3 EXERCISES ON CONGRUENCE AND PERPENDICULARITY 13

Figure 4.35.3 Exercise
solution, case (4)

Case 2. AX+BX+CX+DX=(AX+CX)+(BX+DX)>AC+ BD, with
equality just in case A-X-C and B-X-D, i.e.justincase X=D.

Case 3 is like case (2), except X=AC n BD.

Case 4. (See figure 4.3S.3.) Suppose X lies on the same side of BD and
CD as A. Then D liesinside ABXC, so

AX+BX+CX+DX=(AX+DX)+ (BX+ CX)
>(AX+DX)+(BD+CD)>AD+BD+CD

by exercise 2 and the Eriangle iQequality. The same result holds if X lies
on thg same sidg of BD and AD as C. Suppose X lies on the same side
of AD and CD as B. Then D liesinside AAXC, so

AX+BX+ CX+ DX = (AX + CX) + (BX + DX)
> (AD + CD) + (BX + DX)>AD+ CD + BD.

Finally, consider points X on lines BD, CD and AD. Youll find that
AX+BX+CX+DX>AD+ CD+ BD
is true for all these X, with equality justin case X=D. ¢

Two trihedral angles 9=<OP, OQ,0OR> and J'=< O’_P’, O’_Q’, O'R'">
are called congruent if the angles /POQ@, ... of g are congruent to the
corresponding angles /P'O’'Q’, ... of ' and corresponding dihedral angles
of 9 and g’ have the same measure. Trihedral angle congruence is thus
conveyed by six equations stating that corresponding angles and dihedral
angles have the same measure.

Exercise 6. Prove that if <OP,0Q,0R> is a trihedral angle, then
m/POQ + m/QOR > m/ROP. Suggestion: You may want to consider
separately cases m/POQ > m/ROP and m/PO@® <m/ROP.

Solution. If m/POQ > m/ROP, the result is trivial; so assume m/PO@Q <
m/ROP. Find point @' between R and P sothat /POQ’'= /POQ. If
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necessary, relocate @ on OQ so that OQ = OQ’. Then APOQ =
APOQR’ by the SAS axiom, so PQ = PQR’. By the triangle inequality, PQ +
QR >RP, so QR>RP - PQ=RP - PQ’'=Q'R. Applying the hinge theorem
to AOQR and AOQ'R, you get m/QOR >m/Q'OR, hence m/POQ +
m/QOR>m/POQR+m/Q'OR=m/POQR’' + m/Q'OR=m/ROP5> ¢

Exercise 7. Find minimal sets of the six trihedral congruence equations
that imply the rest. Suggestion: Perhaps you can prove that two trihedral
angles are congruent if their three pairs of corresponding dihedral angles
are. If so, can you get the same result from an even smaller set of equations?
Try other possibilities, too.

Solutton. The author has never seen this completely worked out. ¢

Two tetrahedra are called congruent if their four pairs of corresponding
trihedral angles and six pairs of corresponding edges are congruent.
Tetrahedral congruence is thus conveyed by six equations stating that
corresponding edges have the same length, and sixteen more stating that
pairs of corresponding angles have the same measure (twelve pairs of angles
determined by vertices, and four pairs of dihedral angles).

Exercise 8. Find minimal sets of the twenty-two tetrahedral congruence
equations that imply the rest. Try to organize your results like the triangle
congruence theory.

Solution. The author has never seen this completely worked out. Go to
it! Good luck! ¢

4.4 Exercises involving the parallel axiom

Concepts
Angle chasing
Properties of parallelepipeds

Except for the last, the exercises in this section aren’t about parallel lines.
But to solve them, you'll need to use results that depend on the parallel axiom.
The solution of exercise 1 is an elementary example of the angle chasing
technique. Exercise 2 looks at first like it might yield to the same method.
But it’s deceptive and troubling—one of the simpler instances of a genre
of problems in which angle chasing seems like tail chasing. The remaining

5 This proof is from Legendre [1834] 1848, section VI.XIX.
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exercises are three-dimensional. The last, which calls for a three-dimensional
analog of the theory of parallelograms developed in section 3.7, is open-
ended, although its mathematics is not hard. The author has never seen
such a theory worked out in detail.

Exercise 1. Which segment in figure 4.4.1 is shortest? Prove that your choice
is correct.

Solution. CD is the shortest, by repeated applications of the isosceles
triangle, triangle sum, and hinge theorems. ¢

Exercise 2. Suppose E is a point inside square ABCD, and m/EAB=
15°=m/EBA, as shown in figure 4.4.2. Without using trigonometry, show
that ACDE is equilateral.

Solution. All the square’s edges have the same length and its angles all
measure 90°. By subtracting angles, m/CBE = 75° = m/DAE. By the
isosceles triangle theorem, AE = BE. By the SAS Axiom, AADE=ABCE,
hence CE=DE and /ADE = /BCE. Call the measure of these two angles
x°. By the triangle sum theorem, m/AED =m/BDE = 180°- 75°- x° =
105° - x°. By angle subtraction, m/CDE =90°- x°* =m/DCE. By the triangle
sum theorem, m/CED=180°-2(90°- x°) = 2x°. Apply the hinge theorem
twice to get

x<30 < 105-x>75 < BC>CE
- CD>CE - 2x>90-«x
- 3x>90 R x> 30.

Therefore, the condition x # 30 is impossible, so x =30 and each angle
of ACDE measures 60°. ¢

D C
E
A B
Figure 4.4.1 Figure 4.4.2
Exercise 1 Exercise 2
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16 EXERCISES ON ELEMENTARY GEOMETRY

k h

Figure 4.4.3 Figure 4.4.4
Exercise 3, part 1 Exercise 3, part 2

Exercise 3, Part 1. Suppose «, 3, and y are planes intersecting in distinct
lines g, h, and k& as shownin figure 4.4.3. Using only the incidence axioms,
prove that either the three lines are concurrent, or no two of them intersect.

Part 2. Suppose ¢, f, y, 0, and & are planes intersecting in distinct
lines g, h, k, and [ as shown in figure 4.4.4. Prove that g and [ are
coplanar. How are you stymied when you try to prove this statement using
only the incidence axioms?

Solution, Part 1. A point on any two of the intersections lies on all three
planes.

Part 2. If g and h intersect at a point O, then O lieson k and [
by part (1), so g and [ are coplanar. The same argument works if / and
h intersect. If both pairs of lines are parallel, then g and [ are parallel,
hence coplanar, by the transitivity theorem. ¢

Arthur Winternitz (1940, section 11.2) showed by a circuitous argument
that the result in exercise 3, part 2, holds even in hyperbolic non-Euclidean
geometry—the theory you get by replacing the parallel axiom by its negation.
Thus, there ought to be a solution of part 2 that uses only the incidence,
ruler, Pasch, and congruence axioms. You're challenged to find one. Winter-
nitz showed that you can’t derive it from just the incidence axioms.

Exercise 4. Prove that two noncoplanar lines have exactly one common
perpendicular. Suggestion: Try building a right prism whose bases are
quadrilaterals 2 and £ with two right angles each, such that 2 has an
edge on one given line and # has one on the other.

Solution. Select points O and P on noncoplanar lines g and h as
in figure 4.4S5.1, and construct planes « + g and £ 1+ A through O and
P. Then ¢« n B isaline j, else g and h would be parallel. Through O
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Q k 0]
) W
Figure 4.4S.1 PID P AN
Exercise 4 solution Ny
l )
g
P n

and P construct £ and [ L j, intersecting j at points @ and R. Then
g1k and h 1! and these pairs of lines lie in planes ¥y and J. You can
prove that ¥, d L «, B, j. Erect m L y through O, sothat m nd is apoint
S. Construct g’/g through S, sothat g’ is not parallel to A. You can
show that g’ liesin J, hence g'nh isapoint 7. Construct n L 6 through
T. Then show that n L g,h.

Clearly, lines with two distinct perpendiculars must be coplanar. ¢

Exercise 5. Formulate and prove a set of theorems about parallelepipeds
analogous to theorems 3.7.17—3.7.20 about parallelograms. More detail may
be appropriate, because there are more concepts in three dimensions:

Two dimensions Three dimenstons

parallelogram ......... parallelepiped
right prism with parallelogram bases
rectangular prism
rectangle ............. box
prism with two rhombic bases
right rhombic prism
rhombus ............. cuboid (all faces rhombic)
SQUATE ...t cube

Solution. The author has never seen this done in complete detail. ¢

4.5 Exercises on similarity and Pythagoras’ theorem

Concepts
Arithmetic, geometric, and harmonic means
Right-triangle trigonometry applications
Correcting the section 2.2 sophism
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18 EXERCISES ON ELEMENTARY GEOMETRY

This section contains exercises that use similarity and Pythagoras’ theo-
rem in various ways. In section 4.6 you'll find more exercises that stress
Pythagoras’ theorem. The techniques emphasized here will be used routinely
in the rest of this chapter.

Exercise 1 demonstrates geometrically some properties of three mean
operations used in many applications. The average m =% (x +y) of two
numbers x and y is called their arithmetic mean because the triple
<x,m,y> forms an arithmetic series: y - m =m - x. The geometric mean
of x and y is the number g such that <x,g,y> forms a geometric
series: y/g=glx, so g2=xy, hence g= /xy. The harmonic mean of x
and y is the number h whose reciprocal is the average of those of x
and y:

11 ( 1 1 )

g

h 2\x vy
Exercise 1, Part 1. Given x and y with x <y asin figure 4.5.1, show
that A =2z is their harmonic mean. Show geometrically that x <h <
m. Show algebraically that <h,g,m> forms a geometric series, so that
x<h<g<m<y.

Part 2. Let ABCD be a trapezoid with bases of length AB=x and

CD =y. Let the line parallel to the bases through the intersection of the

diagonals meet the other edges at points £ and F. Show that EF is the
harmonic mean h.

Solution, Part 1. Label the segments of the common base of the larger
right triangles as in figure 4.5S.1. Then

l.ﬁ,.l:l E+E :l b + a :l_ (]_)
x y z\x y z\atb atb z

x Y
2z
a b
Figure 4.5.1 Constructing Figure 4.5S.1
the harmonic mean Exercise 1 solution
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Since a < b, segment z stands to the left of the midpoint of the base,
Yh=z>%x, h=2z<Y%(x+y)=m, and x<h <m <y. You can show
algebraically that

ho= 2%y m_ g _ xty
x+y g h 2/xy

Part 2. Find segments of length ¢ and b related to the trapezoid so
that equations (1) hold. ¢

Exercise 2, Part 1. Prove thatif A to D are distinct noncollinear (not
necessarily coplanar) points, and

A’ is the midpoint of Az , B’ is the midpoint of B__C,
C’ is the midpoint of CD, D' is the midpoint of DA,

then A'B'C'D’ is a parallelogram or A’ to D’ are collinear and
A'B'=C'D’.

Part 2. Prove thatif A to F are distinct points, no four of which are
collinear,

A’ is the midpoint of AB, D' is the midpoint of DE,
B’ is the midpoint of BC, E' is the midpoint of EF ,
C' is the midpoint of CD, F' is the midpoint of FA ,

and O is a point such that A’B’C’'O is a parallelogram, then D'E'F'O
is also a parallelogram.

Solution, Part 1. Suppose no three of these points are collinear. By theorem
392, g=ABJAC and h=C'D'JAC, so g=h or g/h. Similarly,
j=B'C')BD and k= D'A") BD, so j=k or j/k. If g/h and j/k, then
A'B'C'D’ is a parallelogram. The other possibilities lead to the alterna-
tive result. L

Part 2. Show that O is the midpoint of AD. ¢

Exercise 3. The measures of the angles and edges of a triangle are sometimes
called its parts. Construct two incongruent triangles such that five parts
of one equal five of the other. Describe all possible ways to do this.

Solution. You can’t have three pairs of congruent edges, else the SSS
theorem would yield congruence. Thus you must have two pairs of congruent
edges and three of congruent angles. By the AA similarity theorem, the
triangles must be similar. Make one with edges 1, x, and y sothat 1 <
x < y. The other can have corresponding edges x, y, and z. You must have
1/x=xly=ylz, so y=x* and z=x".

What values are possible for x? You must have 1+ x>y =x? ie.
x% - x - 1<0. Ifthat's true, then x+y=x1+x)>x%=2, and y+z=
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x®(1+x)>1+x>1, soyou can in fact make the triangle. The polynomial
x? - x - 1 has roots

1+y5 ] 1.62
2 -0.62 ,
s0 you can use any x such that 1<x<Y(1+/5). ¢

Theorem 3.13.15 provided a summary of right-triangle trigonometry.
Exercise 4 demonstrates all cases of its use in practical applications. Exercise 5
shows a typical application: measuring some particularly symmetric figures
that you'll study in more detail in chapter 8.

Exercise 4. Consider right triangle AABC with legs a =BC, b =CA,
hypotenuse ¢ = AB, and acute angles /A and /B.

Part 1. Given a =10 and b=20, find ¢, m/A, and m/B.
Part 2. Given b=20 and ¢ =30, find ¢, m/A, and m/B.
Part 3. Given a=10 and m/A =40° find b, ¢, and m/B.
Part 4. Given b=20 and m/A =40°, find a, ¢, and m/B.
Part 5. Given ¢ =30 and m/A=40° find a, b, and m/B.

Solution, Part 1. ¢=ya?+b2?=104/5 ~ 22.36
tanm/A=a/b=" = m/A ~ 26.57°
m/B=90°-m/A ~ 63.43°.

Part 2. a=4yc2-b2=104/5 ~ 22.36
cosm/A=blc=% = m/A ~ 48.19°
m/B=90°-m/A ~ 41.81°.

Part 3. a/lb=tanm/A = b=al/tanm/A = 11.92
alc =sinm/A = ¢ =alsinm/A = 15.56
m/B=90°-m/A=40°.

Part 4. alb=tanm/A =a =btanm/A = 16.78
blc =cosm/A = c=alcosm/A =~ 26.11
m/B=90°-m/A=40°.

Part 5. alc=sinm/A = a=csinm/A = 19.28
blc=cosm/A = b=ccosm/A = 2298
m/B=90°-m/A=40°. ¢

Exercise 5. Find the measures of the dihedral angles formed by the faces
of a regular tetrahedron and of a regular octahedron. The latter polyhedron
consists of two square pyramids with a common base and eight equilateral
faces. Suggestion: To gain insight and check the reasonableness of your solu-
tions, you may want to make stiff cardboard models. More precise and robust
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models of these and other commonly studied polyhedra are available as kits.
You glue together plastic face tiles. To fit precisely, they should be manufac-
tured with the edges beveled to produce the correct dihedral angles. (See
the discussion in section 8.5 under the heading

Solution. In regular tetrahedron ABCD with edge 1, find the foot P
of the perpendicular from D to plane ABC, and the foot @ of the perpen-
dicular from P to edge AB. Then BQ® = Y2+/3. The required measure is
0=m/PQD:

CR BQ % w3 23

1

DQ BQ 4.3
In a square pyramid with equilateral triangular faces and edge 1, find the
foot P of the perpendicular from the apex D to the base, and the foot @
of the perpendicular from P to a base edge AB. Then DQ=": /3 and
PQ=", so DP=" 2 by Pythagoras’ theorem. The required measure
is 0=2m/PQD:

cosm/PED - P& - %~ 1 5_ 9arccos L ~ 109.47° . ¢

D w3 3 V3

Exercise 6 is the result you need to correct the sophism in section 2.2.
It's included here only because part of the solution—already given in 2.2—
uses Pythagoras’ theorem. The argument you must supply here uses only
methods covered through section 3.7.

Exercise 6. Consider AABC with CA <AB. Prove that the bisector of
/A meets the perpendicular bisector of BC at a point X on the opposite
side of BC from A. Moreover, the feet Y and Z of the perpendiculars
from X to CA and AB lie outside and inside the triangle legs, respectively.

Solution. By the crossbar theorem, the angle bisector g meets BC at
a point W, shown in figure 4.5S5.2. By the hinge theorem, m/B<m/C.
By the exterior angle and triangle sum theorems,

m/BWA=Y%m/A+m/C>"%m/A+m/B=180°- m/BWA
2m/BWA > 180°.

Thus, ZBWA is obtuse, and g isn’t parallel to the perpendicular bisector
—they meet at some point X.
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Figure 4.55.2
Exercise 6 solution

Find the point C’ on AB such that C’A = CA. By the SAS axiom,
ACAW =AC’'AW, so WC=WC' and /C =/WC'A. By the triangle sum
and hinge theorems,

m/B+m/C<m/A+m/B+m/C=180°
m/B<180°- /C=180°-m/WC'A=m/BC'W
WC =WC’'<BW

BC =BW+ WC>2(WC)

WC <% (BC).

Thus W lies between C and the midpoint A’ of BC. By Euclid’s parallel
axiom, X lies on the side of BC opposite A.

Section 2.2 showed that AZ=YA and ZB=CY. If Y and Z both lay
on the legs, then AB=AZ+ZB=CY+ YA=CA —contradiction! If Y
and Z both lay outside, then AB=AZ - ZB=CY - YA=CA —contra-
diction! If Y layon CA but Z lay outside, then AB=AZ - ZB=CY - YA<
CY+ YA=CA —contradiction! Thus Z lieson AB but Y lies outside. ¢

4.6 Exercises on circles and spheres, part 1

Concepts
Geometric interpretation of arithmetic, geometric, and harmonic
means
SSA congruence data
Angles between tangents and secants to circles
External and internal tangents to disjoint circles

This section and the following three all contain exercises involving circles
and spheres. Those here are general in scope. Sections 4.7 and 4.8 emphasize
computation of areas and volumes of regions constructed from circles and
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spheres. Section 4.9 contains exercises on plane and spherical trigonometry,
the value of 7, and the curved areas of cylinders, cones, and spheres.

Exercise 1 continues the study of arithmetic, geometric, and harmonic
means begun in exercise 4.5.1. It was included in the work of the Alexandrian
mathematician Pappus about A.D. 320.°

Exercise 1. Given x <y, locate points A to C sothat A-B-C, AB=
x, and BC=y. Let O be the midpoint of AC, and D be the intersection
of the perpendicular to AC through B with a semicircle whose diameter
is AC. Let E be the foot of the perpendicular to OD through B. Among
the segments determined by points A to £ and O, find segments of length

h  the harmonic mean of x and vy,
g their geometric mean, and
m their arithmetic mean.

Point out geometric meanings of the inequalities x<h<g<m<y.

Solution. First, as in figure 4.6S.1, radius OD is half the diameter: OD =
2 (AB+ BC) =" (x+y)=m. Second, AABD ~ ADBC, so AB/BD =
DB/BC. Thatis, x/BD=BD/y, so BD=g. Third, ABED ~ AOBD, so
ED/EB=BD/BO and ED=EB(BD/OB)=BD(EB/OB). Moreover, ABOE ~
ADOB, so EB/OB=BD/OD. Thus ED=(BD)’/OD=g*/m=g(g/m) =
g(hlg)=h. Inequality x <h saysthat AB<h =ED, which is equivalent
to OB > EQO: hypotenuse OB of right ABOE is longer than leg EO.
Inequality h <g says thatleg h = ED of right ABED is shorter than its
hypotenuse g=BD. Inequality g <m says thatleg g=BD of right triangle
ADBO is shorter than its hypotenuse m = OD. Inequality m <y says that
y = BC is longer than the radius m = OC. ¢

D
E
i
A B (0] C
—X FAN y
Figure 4.6S.1 Figure 4.65.2 Exercise 2
Exercise 1 solution solution, part 1

6 See Eves 1963, volume 1, problem 1.5-17.
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Although exercise 2 isn’t aboui circles, you may want to use some of their
properties to solve it. This result completes the triangle congruence theory
begun in section 3.5. There you reviewed the SAS, ASA, SSS, and SAA
theorems. An example indicated that there’s no analogous SSA theorem.
Nevertheless, as exercise 2 shows, SSA data can be useful. Sometimes they're
enough to determine all the other parts of the triangle. In the other cases,
you can almost do that; you’'ve only two choices.

Exercise 2. Suppose you have SSA data about AABC: a =BC, b =
CA, and m/A.

Part 1. Suppose /A is obtuse or right. Prove that a > b and that all
triangles with this same SSA data are congruent to AABC.

Part 2. Suppose /A isacute. Let d be the distance from C to AB.
Show that d <b and d <a. Prove thatif a=d or a > b, then all triangles
with this same SSA data are congruent to AABC. Show thatif d <a <
b, then there’s a triangle T incongruent with AABC such that all tri-
angles with this same SSA data are congruent to AABC orto T.

Solution, Part 1. /A is obtuse or right. Consider the circle I' in figure
4.65.2 with center C and radius a. Suppose a <b. Then A would lie
outside I, and you could find points 7" and 7" where the tangents through
A would touch I Except for those points, I would lie inside /TAT".
Triangles /CTA and /CT’A would be right, and /TAC and /T'AC acute.
Since /CAB is obtuse, AB would lie outside /TAT’. But B lies on
I’ because BC =a —contradiction!

Therefore, a > b. Suppose AA'B'C’' has the same SSA data: a =
B'C', b=C'A’, and m/A=m/A’'. Asinfigure 4.6S.3, find the feet D and
D'’ of the perpendiculars to AB and A'B’ through C and C’. Because
LA and /A’ are obtuse, D and D’ lie outside the triangles: D-A-B and
D'-A’-B’. Right triangles AADC and AA'D'C’ are congruent because
they have congruent hypotenuses and /CAD = /C'A'D’. Thus DC =
D'C’" and AD=A'D’. Right triangles ABDC and AB’D’'C’ are congruent

B and B*
Figure 4.65.3 Exercise 2 Figure 4.65.4 Exercise 2
solution, part 1, continued solution, part 2
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because they have congruent hypotenuses and a pair of congruent legs, so
DB=D'B’. 1t follows that AB=DB -DA=D'B’' - D’A' =A’B'. By the
SSS theorem, AABC=AA'B'C’.

Part 2. /A isacute. Let D be the foot of the perpendicular to AB through
C, sothat d=CD< the distance from C to any other point on AB. Thus,
d<aand d<b. If d=b, then A=D and /A would be right— contradic-
tion! Thus d<b.

If a=d, then B=D and /B isright. Let D’ be the foot of the
perpendicular to A'B’ through C’. By the SAA theorem, AABC =
AA'D'C’, so B'C'=BC=D'C’, hence B'=D' and AABC=AA'B'C’,
as claimed.

In case a > b, the hinge theorem implies m/B<m/A, so /B isalso
acute, and the foot D of the perpendicular to AB through C lies between
A and B. You can adapt the argument in the second paragraph of the part
1 solution to show that any triangle with this same SSA data is congruent
to AABC.

Finally, consider the case d <a <b, asin figure 4.6S.4. D lies inside
I and A outside, so AB intersects I" at two points, B and another point
B*. One of these lies between A and D, and the other lies on the side of
D opposite A. You can adapt the argument in the second paragraph of
part 1 to show that any triangle with this same SSA data is congruent to
AABC or AAB*C. ¢

Exercises 3 and 4 seem to relate to church window design and to packing
balls in a box. They'’re really exercises on Pythagoras’ theorem.

Exercise 3. In figure 4.6.1, arcs AGC and BHC have centers B and
A. The semicircles with centers D and F on AB have radius 4 s, where
s =AB. The circle with center E is tangent to the first two arcs and the
semicircles. Find its radius r in terms of s.

Figure 4.6.1
Exercise 3
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Figure 4.6.2

Quincunx

Solution. Let M be the midpoint of AB. Then AAME is right, with
hypotenuse s - r and legs %2 s and x, hence

(s -1y =(""s)+x" ()
Further, ADME is right, with legs Y4s and x and hypotenuse Yis+
r, hence

x*+ (Vas)?=as+r)? =18 +2-Vasr+r?
and x% =" rs+r’ With equation (*) this yields

s?-2rs+ri=Vus?+Vers+r?

ie. ¥%482=%s, hence r= Y0s. ¢

Exercise 4, Part 1. In figure 4.6.2, called a quincunx,” the square has
edge s and the circles, radius r. Find r in terms of s. Suggestion: r =
0.207s.

Part 2. Same as part 1, with nine spheres placed inside a cube. Sug-
gestion: r = 0.232s.

Solution, Part 1. The square’s diagonal consists of four radii plus the
diagonals of two squares with edge r. The equation 4r+2ry/2 =sy/2 yields

r= %s = 0.207s.  Part2 r= @s = 0.2325. ¢
This section concludes with two exercises on tangents and secants to circles.

Exercise 5. Investigate the angles between two tangents to a circle, between
two secants, and between a tangent and a secant. Include all five cases shown
in figure 4.6.3. In each case derive a formula for the measure of /A in terms
of the measures o and g of the indicated arcs. Suggestion: More general
cases are best derived from more special ones. You may have to consider
separate cases depending on the location of the center with respect to
LA. Methods from the proof of theorem 3.13.6 may help.

" This word is a Latin compound: quinque + uncia = five + ounce or twelfth.

16:43 30 Oct 99



4.6 EXERCISES ON CIRCLES AND SPHERES, PART 1 27

5P

Case 1 Case 2 Case 3
;
A “\
o
Case 4 Case 5

Figure 4.6.3 Exercise 5

Solution. Cases 1and 2. m/A="(f-a).

Case 3. m/A="(f-a)=7- .
Case 4. m/A="p.
Case 5. m/A="(a+ ). ¢

Exercise 6. Lines AB and CD are externally tangent to disjoint circles
I' and 4 at A,B and C,D infigure 4.6.4. Line BC’ is internally tan-
gentat C’ and B’. The internal tangent intersects the others at P and
@. Prove that AB=CD = PQ. Suggestion: Methods appropriate for solv-
ing this exercise are used later to prove theorem 5.9.2.

Figure 4.6.4
Exercise 6
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Solution. If the external tangents are parallel, it’s obvious that AB =
CD. Otherwise, they meet at a point X. Then XA =XC and XB=XD,
so AB=CD. Now,

PQ = PB'+B'Q
= PD +B'Q

-PC +B'Q

= AB -PC +B'Q

=*AB - PC' +B’'Q

= AB - (PB' - B'C")+B'Q

= AB +B'C'+B'Q - PB'’

= AB +QC’' - PB’

+AQ - PB’
= AB +AQ - (PQ - QB')
= AB +AQ + @B’ -PQ
=*AB +AQ +Q@B -PQ
= AB +AB - PQ

2PQ = 2AB. ¢

[
Q
-

[
o
os)

4.7 Exercises on area

Concepts
Dissecting polygonal regions
Kites and lunes
Interior and boundary of a polygonal region
Open and closed subsets of a plane

This section contains exercises on polygonal regions and regions constructed
from circles, emphasizing area. In exercises 3 to 8, the main technique
required is dissection: splitting a given region into pieces that you can handle
with the area theory developed in sections 3.8 and 3.14. All exercises except
the last two involve area calculations. The last ones let you develop the
concepts of boundary and interior of a polygonal region. Although polygonal
regions are built from triangular ones, and the interior of a triangular region
is a simple idea, you'll find it hard to pin down the corresponding notion
for polygonal regions in general. The exercises provide a workable definition,
which you’ll need in chapter 8.

8 Equations referring to this footnote hold because of congruent tangent segments.
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Figure 4.7.1 Figure 4.75.1
Exercise 1 Exercise 2 solution

Exercise 1. Figure 4.7.1 is an isosceles trapezoid ABCD with AB ) CD,
AB=b,, CD=b,, BC=c=DA, and apoint E on BC. Find d =
BE sothat AE splits ABCD into equal areas.

Solutk'on. Let a be the trapezoid’s altitude and % be the distance from
A to BC. Compute the area of AABC two ways to get 2 ab, =2 ch,
hence h=ab,/c. Then

area ABCD = "2 a(b, + b,) area AABE =" dh.
Setting "2 area ABCD = area AABE, youget d="2(b, + b,)c/b,. ¢

Exercise 2. Consider a tetrahedron with three mutually perpendicular faces.
Prove that the sum of the squares of their areas equals the square of the
area of the other face.

Solution. Identify one of the three mutually perpendicular faces as the
pyramid’s base triangle. Asin Figure 4.7S.1, denote by d the corresponding
altitude of the pyramid. Regard the hypotenuse of the base triangle as its
base and as the base of the remaining face, an oblique triangle. Denote by
a the corresponding altitude of the oblique face. The base triangle altitude
is then (@® - d?®)”. Suppose the foot of a divides the base of the oblique
face into segments b and ¢. Then the right lateral faces have hypotenuses
(@®+ 02", (& +c»)" and share legs (o + b - d*)”, (a®+ - d®" with
the base triangle. Thus, the equation to be verified is

[area of base triangle]? + [area of first right lateral face]®
+ [area of second right lateral face]”
= [area of the oblique face]?
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[Y2 (b+c)(a@® -d®) 1P+ [Yed(a®+b% - d*) >+ [Yed(a® + ¢ - d*)"*)?
=[Y% a(b+c)]?.

Expand some of the squares and multiply both sides by 4 to get the equivalent
equation

(b+e) (@ -dH)+d*(a*+ b -d)+d*(@®+c -dP)=a’(b+c).

Expand, gather like terms, divide by d? and rearrange to get another
equivalent equation:

@+ -dH+ @@+ -dY)=(b+c).

This one holds because the base triangle is right.? 4

Exercise 3. Using figure 4.7.2, compute the area of the regular dodecagon
with radius 1.

Solution Each small square consists of four congruent equilateral triangles
and eight congruent isosceles triangles. Of these, three equilateral and six
other triangles lie in the dodecagon. Thus its area is ¥ that of the large
square, l.e. 3. ¢

Exercise 4. In figure 4.7.3, each edge of an outer equilateral triangle is
divided in the ratio 2 to 1. Find the area of the shaded inner triangle, in terms
of the edge s of the outer one. Suggestion: It’'s approximately 0.14s>.

Solution. Dissect the outer triangle as shown in figure 4.75.2, forming
nine component triangles with the same area. Three of them form the inner
triangle, so its area is one third of the area 4 s* /3 of the original triangle. ¢

Figure 4.7.2
Kirschak’s tile

9 For other proofs, consult Hull, Perfect, and Heading 1978; and Altshiller-Court [1935]
1964, §286.

19 This exercise is due to J. Karschak. See Alexanderson and Seydel 1978.
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Figure 4.7.3 Figure 4.75.2
Exercise 4 Exercise 4 solution

Exercise 5. In figure 4.7 4, segments join the vertices of a square to midpoints
of its sides. Prove that the quadrilateral in the middle is a square, and
determine the ratio of its area to that of the outer square. Find an analogous
result for a similar situation in which the outer figure is a rectangle. Sug-
gestion: The only computation in your solution should be counting.

Solution. The original square is composed of twenty right triangles con-
gruent to the small ones in figure 4.7.4. Four of them constitute the middle
square, so the ratio is %20="5.

You can make any rectangle by stretching one dimension of the original
figure by a factor k> 1. The central square becomes a parallelogram. All
areas are multiplied by %, so their ratios remain unchanged. ¢

Exercise 6. In figure 4.7.5, some vertices of a square have been joined
to edge midpoints to form a kite: a quadrilateral (shaded) with two adja-
cent pairs of congruent edges. Find its area, in terms of the edge s of the
square. Suggestion: It's about 0.27s?

Solution. As shown in figure 4.7S.3a, QR’' intersects OﬂQ'Hat a point
S on diagonal PR. Let T be the foot of the perpendicular to OP through
S, sothat ST=TP. Further, ASTO ~AQ'0O’O, so OT="%8T="%TP

Figure 4.7.4
Exercise 5
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R Q' Q
5u 3u
\\S 2i X
12u
R . N
E’I 1
0] T O P
Figure 4.7.5 Figure 4.7S5.3
Exercise 6: kite Exercise 6 solution

hence OT="ss and TP=%3s. Now notice that PQ’ L QR’; call their
intersection X. Then AQXQ®' ~ AQRR’', so @X=2(Q'X) and

718 =(QQ') = (X ) +(Q@'X ) =5(Q'X),
g0 (@'X)Y="0s? and (@X)*="s?. Also,

SQ' _ TO' _ sl6 _
0S  OT s/3

(8@ ="7(08S)? =4 [(OT ) + (TS)*] =V [(OT)* + [2(0OT)H]?]
=Y [5(0T) ] =4 (3 8) =36 52

(SX)? =(8Q") - (@' X)?=%368% - V208> =Vu5 §°
2
SXP _ wi _y,

(QX)2 1/5
& =24,
QX

You've now enough information to determine the ratios of the areas of all
triangles in figure 4.75.3. Assign AQQ’'X the area 3u. You can determine
the unit u later. Since SX/XQ = %3, ASXQ®' has area 2u. Since
AQRSQ’' and AQ'SR have the same altitude and congruent bases RQ’
and @Q’, they have the same area 5u. Triangles AQXQ' and AQXP
have bases X@' and XP and the same altitude. Since XP=2(XQ) =
4(XQ'), AQXP has area 12u. For the same reasons, APXS has area
8u. Thus, 3u+2u+5u+12u+8u=30u="s%, the area of APQR. It
follows that u = "0 s®>. The shaded area is twice that of APXS: 2(8u) =
Y15 5%, ¢
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1
1
Figure 4.7.6 Figure 4.7.7
Exercise 7 Exercise 8

Exercise 7. Compute the area of the shaded region in figure 4.7.6. Called
a lune, it lies “between” arcs of two circles with radius 1. The solution
may surprise you.

Solution. The shaded area is half that of a circle with radius r, plus the
area of two isosceles right triangles with legs r, minus a quarter of the
area of a circle with radius ry/2: Y2 zr2+2(Yer?) - Vaz(ry2)*=r%. ¢

Exercise 8. Compute the area of the shaded region in figure 4.7.7. The
length of an edge of the square is 1. Suggestion: This exercise is related
to exercise 3; the area is approximately 0.32.

Solution. (See figure 4.7S.4.) First, QR =" and VQ =1, so
m/@VR = 30°. The same argument applies to /PVU, so m/PV@=90°-
2-30° = 30°. The area of sector VPQ is Y12 of that of a circle with radius
1, i.e. Y12 7. The area of AVPQ is Y12 of that of a regular dodecagon with
radius 1, whichis %12, according to exercise 3. The area a of the shaded
region between segment PQ and arc PWQ is thus Y12 7 - 4. Since OQ =
VR - Y2 =% /3~ V2, the area of AOPQ is b= "2(0Q)*="4(2 - {/3).
The desired area is

U T
P
w
Figure 4.75.4
Exercise 8 solution 0] @
14 R S

11 .
From the Latin word luna for moon.
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4(a+b)=4[2‘—\/§+l _l) =1- 3+ Y 7~032. ¢

4 12 4

The intertor of a triangle is the intersection of the interiors of any two,
hence all three, of its angles. Even though a polygonal region /7 is the union
of regions corresponding to triangles 7, to 7,, and the notion of the interior
of each T, is clear, that of the interior of IT is surprisingly hard to make
precise. The section’s concluding exercises will force you to confront that
difficulty, and will provide a definition you can use later, in chapter 8. For
now, trust your intuition to answer correctly whether a given point P is

interior to /7. The problem is to describe in words how your intuition works.

Exercise 9, Part 1. Is the interior of IT always the union of the interiors
of T, to T,? Using n =2, present an example where this is true and a
counterexample where it’s not. Suggestion: Your counterexample will
probably involve triangles that intersect along an edge.

Part 2. Does the interior of /T ever consist of the union of the interiors
of T, to T, and the points on their common edges? Using n =2, present
an example where this is true and a counterexample where it’s not."
Suggestion: Your counterexample will probably involve a shared vertex.

Part 3. Does the interior of I7 always consist of the union of the interiors
of T, to T, and the points interior to common edges? Using n =3 and

triangles T, that intersect, present an example where this is true and a
counterexample where it’s not.

Solution. Parts 1 and 2 are simple. Part 3. For an example, consider
three equilateral triangles that share a common vertex; for a counterexample,
three triangles with 120° angles sharing a common vertex. ¢

You should be pleased that your intuition works in complicated situations,
but troubled that it’s hard to describe. You will need a precise definition
of the interior of a polygonal region /7 in a plane &. You may have noticed
that part of the difficulty lies in deciding whether some points are on its
boundary. In fact, the problems of defining interior and boundary are
equivalent, because the interior of 77 should be the set of its nonboundary
points, and its boundary should be the set of its noninterior points. Here’s
a precise definition: a point P lies on the boundary of IT justin case

for every triangle T in &, if P isinterior to T, then there exist
points U and V interior to T such that U liesin /7 but V
does not.

12 Does it make any difference whether you define polygonal region as in section 3.8, note 13,
so that the 7, intersect, if at all, only along entire edges?

i
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You can use this to define the interior of IT precisely, as the set of all non-
boundary points in /7.

Exercise 10, Part 1. Show that you could replace the word iriangle in this
definition by circle or square.

Part 2. Show that every boundary point of I7 lies on an edge of one of
the triangles 7.

Part 3. Show that a point P lies in the interior of /7 if and only if P
is interior to some triangle, all of whose interior points belong to 7.

Part 4. First, a definition: A set I" of points in a plane ¢ is called open
in ¢ if every point P of I' isinterior to some triangle in &, all of whose
interior points belong to I'. Part 3 showed that the interior of a polygonal
region I7 in ¢ isopenin ¢. Now show that the boundary of I7 contains
no set that’s openin &.

Part 5. Aset 2 of pointsin ¢ is called closed in ¢ if its relative comple-
ment—the set of pointsin £ butnotin X' —is open. Show that 7 is closed.

Solution, Part 1. Consider a figure consisting of a triangle inside a square
inside a circle inside a triangle.

Part 2. A boundary point of /7 must lie on some triangle 7; or in its
interior. If it were interior to 7., then some point V interior to 7;, hence
in the corresponding region, would have to lie outside 77 —contradiction!

Part 3. Suppose P belongs to the interior of 77. Then P is interior to
some triangle 7, but by part 2 cannot lie on an edge of 7;. Find a triangle
T such that P isinterior to 7 and all points of T are interior to 7;,. Then
all points interior to T are interior to I7. The only if implication of part
3 has been proved. Its converse follows directly from the definition of interior.

Part 4. Suppose the boundary contained an open set I. Consider any
point P e I'; it would be interior to some triangle 7T all of whose interior
points belong to I". But P would also lie on the boundary of 77, hence some
point V interior to 7 must not belong to 7, and V would therefore not
belong to I" —contradiction!

Part 5. Suppose P lies outside 7. Find a triangle X, such that P is
interior to X, and all points interior to X2, lie outside 7,. Find a triangle
Y, such that P isinterior to X, and all points interior to X, lie interior
to 2, and outside T,. Continue until you've found a triangle X, such that
P is interior to X, and all points interior to X, lie interior to X,_; and
outside 7,. ¢
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4.8 Exercises on volume

Concepts
Dissecting volumes
Prismoids and antiprisms
Volumes of spheres and spherical caps
Interior and boundary of a polyhedral region
Open and closed point sets

Like most exercises in the previous section, exercises 1 and 2 demonstrate
dissection : splitting a given region into pieces that you can handle with the
volume theory developed in sections 3.10 and 3.14. Exercise 3 provides the
proof for the last result mentioned in section 3.14: the formula for the volume
of a sphere. Exercise 4 considers some volumes related to that of a sphere.
Exercise 5 extends to three dimensions the discussion of interior and boundary
points and open and closed sets presented for plane geometry in exercises
4.7.9 and 4.7.10.

Exercise 1. Make a polyhedron—called a prismoid—with two dissimilar
rectangular faces ABCD and A’B’'C’'D’ in parallel planes, so that pairs
of corresponding edges lie in parallel lines. The remaining four lateral faces
are trapezoids whose bases are corresponding edges of the rectangles. Find
its volume in terms of the rectangles’ edges a,b and o’ b’ and the distance
h between the base planes. Suggestion: If a,b,a’,b’h=2,3,4,5,6 then
the volume is 74.

Solutton. Let h be the distance between the base planes. Select any
inside point O on the plane £ midway between the bases. Use diagonals
to subdivide each lateral face into two large triangles. Use & to subdivide
each large triangle into a small triangle and a small trapezoid. Consider
the pyramids with apex O whose bases are the large and small triangles.
The area of each small triangle is ¥4 that of the corresponding large triangle,
so the volume of each small triangular pyramid is " that of the correspond-
ing large triangular pyramid. Now reconsider a small triangular pyramid.
Make its face on & the base, so that the corresponding altitude is Y2 h.
The total volume of the small triangular pyramids is thus 32 h times
the total area x of their faces in plane &. But x is the area of a rectangle
whose edges are the averages of the corresponding base edges:

x="%(a+b) e (a +0).

Thus, the total volume of the large triangular pyramidsis 4- /s- Y2 hx. The
remainder of the prismoid consists of pyramids with apex O whose bases
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Figure 4.8.1 Antiprism cutouts for exercise 2

are the two rectangles. Their volumes are 3-"2 hab and “3-"2 ha'b’.
Adding all these components yields the total volume®®

Ye(2ab+a'b+ab' +2a’b’)h. ¢

Exercise 2. Make cutouts like the two parts of figure 4.8.1, so that all edges
a to h and those of the internal squares have the same length s. Make
a polyhedron—-called a square antiprism—Dby folding along the dotted lines
and taping similarly lettered edges together. Find its volume. Sugges-
tton: Dissect the antiprism into several pyramids. If s=1, their total volume
is approximately 0.957.

Solutton. Let A and C be the centers of the squares. When you've
assembled the antiprism, the squares lie in parallel planes perpendicular
to AC. Let B be the midpoint of an edge of the square with center A,
and E be the other square’s vertex nearest B. Then AB="2s, BE =
Yo s \/§ because it’s the altitude of an equilateral triangle with edge s, and
CE = "2 sy/2 because it’s half the diagonal of a square with edge s. Let
D be the foot of the perpendicular from B to the other plane, so that D
fallsin CE. Then

DE=CE -AB="(yJ2 - 1)

AC =BD = {(BE)* - (DE)? =s/2'"",

Now consider the trapezoid ABEC shown in detail in figure 4.85.1. Let
M and G be the midpoints of AC and BE, sothat MG /JAB. Let F be
the foot of the perpendicular to BE through M, and H be the intersection
of MG and BD. Then

13 See Bradley 1979 for another derivation and for a generalization of this argument.
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A B
r Figure 4.8S.1
igure 4.8S.
M G
H Iz \ Exercise 2 solution

ap
]
S|

BG=Y%BE=Y1sy3
MG =" (AB+CE)=":(1+/2)s.
By similarity, MF/MG = BH/BG and
(BH)(MG) _ (AC)(MG) _ 1+y2
BG 2(BG) 2'5/3

The antiprism is composed of ten pyramids with apex M, one based on
each of its faces. Two are square, with base areas s* and altitudes 2 AC =
s/2%’* Their total volume is

MF =

The other eight are triangular. Their equilateral bases have area Vs s*4/3
and altitude MF; their total volume is

The total volume of the antiprism is thus

4 4
vt w= 8%‘/533 ~ 0.957s%. ¢

Exercise 3. A plane through a point O divides a sphere with center O
and radius r into two hemispheres. On their common circular base, construct
a cylinder with altitude r. Using Cavalieri’s axiom, show that the volume
of the region between the cylinder and one of the hemispheres is the same
as that of a certain cone. Apply the volume formulas for the cylinder and
cone to derive the formula for the volume of the sphere.

Solution. Intersections of the region between the cylinder and hemisphere
with parallel planes at distance h from the base are the regions between
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concentric circles with radii » and y/r? - 2%, sothey have area 7h*. That’s
the same as the area of the corresponding intersection with the right cone
with apex O and the same altitude and base as the cylinder. Therefore,

volume of cylinder - ¥ volume of sphere = volume of cone

volume of sphere = 2(volume of cylinder - volume of cone)
=2(zri-r-Yaari-r)y=%nrs ¢

Exercise 4, Part 1. Let 0 < h <r. A plane at distance h from O divides
the sphere with center O and radius r into two parts. The smaller is called
a spherical cap. Without using calculus, find a formula for its volume.
Suggestion: If r=1 and h =2, the cap’s volume is about 0.65.

Part 2. Without using calculus, find the volume of material removed
from of a hole with radius Y2 drilled through the center of a sphere with
radius 1. Suggestion: The hole’s volume is about 0.47.

Solution, Part 1. Use the method of exercise 3 between the planes at
distance h and r:

volume of the cylinder between these planes - the required volume
= volume of the region of the cone between these planes

= volume of the cone with apex O
and altitude and base radius r
- volume of the cone with apex O
and altitude and base radius A

required volume = zr%(r - h) - Vs xrir+ Vs mh*h
=% ar® - ar*h + Vs whd.

Part 2. The hole consists of two caps at distance h="2 /3 from the center
of the sphere with radius =1, and a cylinder with radius s ="% and altitude
k=2h. Its volume is

2% wr® - arih+ Varh®) + ws2(2h) = (V5 - Vo /3) 7. ¢

Exercise 5. Construct and solve a three-dimensional analog of exercises
4.7.9 and 4.7.10. This must include precise definitions of the interior and
boundary of a polyhedral region, and of open and closed sets in three-
dimensional space.

Solution. Parts 1 to 3 of exercise 4.7.9 go easily, with an extension to the
question whether the interior of polyhedral region IT always consists of
the union of the interiors of tetrahedral regions 7, to 7, and the points
interior to common faces. The precise definition of the boundary of a
polyhedral region is the same as that for the boundary of a polygonal one,
except you must change the word triangle to tetrahedron. The definition
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of interior is the same. The extension of part 1 of exercise 4.7.10 should read,
Show that you could replace the word “tetrahedron” in this definition by
“sphere” or “cube”. 'To construct the analogs of parts 2 and 3 of exercise 4.7.10,
change the word triangle to tetrahedron. The definition of open set is the
same, except you must make that same change. The definition of closed
is the same, and the analogs of parts 4 and 5 of exercise 4.7.10 are identical
to their two-dimensional counterparts. The proofs of all these results are
related in the same way to the two-dimensional ones. ¢

4.9 Exercises on circles and spheres, part 2

Concepts
cos 36°
Archimedes’ approximation to =
Great circles and antipodal points on a sphere
Measuring great circular arcs and angles between them
Spherical triangles
Trigonometry of right spherical triangles
Curved area of cylinders, cones, spheres, and spherical triangles

This section contains some specialized problems on circles and spheres.
Exercise 1 adds a new angle, 36° to those for which elementary geometry
yields the values of the trigonometric functions. Later exercises work out
Archimedes” approximation to 7, the beginnings of spherical trigonometry,
and some example curved area calculations.

Exercise 1, Part 1. Consider a regular pentagon ABCDE with edge 1. Show
that two diagonals AC and BD meet at the point P for which APDE is
a parallelogram. Let x= PC. Use similar and congruent triangles to show
that

1
1+x

x =
Compute the value of x. Finally, use x and ABCP to compute cos 36°.
Part 2. Consider a regular pentagon, hexagon, and decagon with the

same radius. Show that you can make a right triangle from segments
congruent to their edges.'

M Ppart 2is proposition 10 of book XIII of Euclid’s Elements ([1908] 1956).
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B
pr
ce N A
D E
Figure 4.9S.1 Figure 4.95.2
Exercise 1 solution, part 1 Exercise 1 solution, part 2

Solution, Part 1. Consider figure 4.9S.1. The proportionality
x _ PC _ AP _ 1

1 BC AD 1l+x

implies x(x+1)=1, ie. a>+x-1=0, hence x="2(-1+/5). Let
P’ be the midpoint of BC. Then

Part 2. Consider a regular pentagon ABCDE with center O and radius
1, andlet F be the midpoint of edge DE, asin figure 4.9S.2. Find point
G on OF suchthat OG=1, sothat GE is an edge of the regular decagon
whose vertices include A to E. Then OF =cos 36°, FE =sin36°, DE =
2sin36°, FG=1 - cos36°, and (GE)®=(FE)*>+ (FG)*=2 - 2co0s36°.
It’s easy to see that a regular hexagon with radius 1 has edge 1, so the
desired resultis (GE)*>+1=(DE)*, ie. 3 - 2c0s36° =4 - 4cos’ 36°. You
can verify this using the value cos 36° from part 1. ¢

In exercise 2 you'll carry out Archimedes’ approximation' to 7 as described
earlier in section 3.14. You'll see that if you can perform the familiar
arithmetic operations and calculate square roots, then you can compute
7 as accurately as you might wish. Exercise 3, a sidelight, shows that our
idea of circle geometry and 7 might be quite different if we considered only
the geometry of the surface of the earth.

Exercise 2. Consider regular polygons with n edges of length s, and
t,, inscribed in and circumscribed about a circle with radius 1. Thus,

15 See van der Waerden 1963, chapter 7.
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Yens,<m<'Ymnt, Compute s, and ¢,. Find formulas for ¢, and s,,
in terms of s,. Use these formulas to compute “2ns, and the error bound
e,="Yent, - Vens, for n =6, 12, 24, 48, and 96. What’s the resulting
approximation of 7 and how accurate is it guaranteed to be? This is
Archimedes’ result. How big must n be to guarantee that the error is at
most 107°¢?

Solution. First, s;=43 and t,=23. Further,

2s
— n _ 2
t, = Son = -4 =S, -

Applying these formulas repeatedly yields

]

n YVans, &,

3 2.5980762 2.5980762
6 3.0000000 0.4641016
12 3.1058285 0.1095618
24 3.1326286 0.0270313
48 3.1393502 0.0067360
96 3.1410320 0.0016827

6144 3.1415925 0.0000004

Caution! This output required IEEE double precision arithmetic. With
single precision, 7 doesn’t fall between the computed values of 2 ns, and
Vant, for n=6144. ¢

Exercise 3. Consider a sphere X with center O and radius R. A plane
¢ not through O intersects X in a circle I with center P and radius
r. The perpendicular to & through P meets X at a point @ on the side
of ¢ opposite O. Let X be any point on /". You could call the length
r' of arc @X the “radius of the circle measured on the sphere” and the
ratio of the circumference of I to 2r’ as an “approximation to 7 measured
on 2.” This approximation depends on the circle. What distance r’ on

the earth (a sphere) gives the approximation 7= 3?
Solution. Let 6 =m/Q0OX. Then

g = 2zr _ mr _  7wRsin@ _ 180°sind
2r r 0 9 7R 0
360°

A glance at the graph of the function (180°sin 8)/8 - 3 suggests its
root: @ = 30°. The earth’s radius R 1is about 3959 miles, so r’' =
(6/360°)-27 R =Y xR ~ 2073 miles. ¢
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In exercise 4 you'll work out the beginning of spherical trigonometry.
Exercise 8 and some exercises in section 5.11 pursue the subject further.
First, you must understand what a spherical triangle is and how you measure
it. A great circle on a sphere X' is its intersection with a plane through its
center O. Any two points P and @ on X2 that aren’t collinear with O
determine a great circle I". Using calculus, it’s shown that the shortest path
between these points that lies entirely in 2 is the minor arc they define on
I'. (Two antipodal points—distinct points on 2 collinear with O —determine
many great circles, and on any of these, either semicircle is a shortest path
between them.) Thus, to develop geometry of the sphere analogous to that
of the plane, it’s useful to make arcs of great circles play the role of line
segments. Instead of basing spherical geometry on the length of these arcs
though, it’s simpler to use their degree measures. That lets you state many
results without mentioning the sphere’s radius.

Consider points A, B, and C on X' that aren’t coplanar with O. You
can define the angle between the intersecting great circle arcs AB and
BC as the dihedral angle formed by the sides of OB in the planes ABO
and BCO in which the arcs lie. These points also define a spherical triangle
AABC whose edges are the minor arcs AB, BC, and CA of the great circles.
(This is ambiguous if two of these points are antipodal. You must use more
detailed language to handle that case.) A spherical triangle AABC has
81X measurements:

m/A _  m/B __ m/C
a=mBC b=mCA c=mAB.

Exercise 4 develops equations for these measurements in a right spherical
triangle with m/C = 90°.

Exercise 4. Prove that in this right spherical AABC, cosa cos b=cosc and

. sina cosasinb
sinm/A = = cosm/A = —————
sin ¢ sin ¢
. sin b cosbsina
sinm/B = = cosm/B = ——"—— .
sin ¢ sin ¢

Construct examples like those in exercise 4.5.4 to show how to find any three
of m/A, m/B, a, b, and ¢ given the remaining two. Suggestion: You may
find exercise 4.3.4 helpful.

Solution. Denote the sphere’s radius by r. Find the foot F of the
perpendicular to plane OBC through A and the foot P of the perpendicular
to OB through F. By exercise 4.3.4, AP . OB. From APFA, you get
sinm/B=AF/AP. From AOPA, youget AP/r=sinc. From AOFA, you
get AF/r=sinb. These equations entail sinm/B =sin b/sinc. You can
derive sinm/A =sina/sinc similarly.
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From AOPA, you get cosc = OP/r. From AOPF, youget OP/OF =
cosa. From AOFA, youget OF/r =cosb. These equations entail

cosa =cosbcosc. (*)

From APFA, youget cosm/B=PF/AP. From AOPA, youget AP/r=
sinc. From AOPF, you get PF/OF = sina. These equations entail
cosm/B =sginacosb/sinc. You can derive cosm/A = cosasinb/sinc
similarly.

From equation (*) and the four equations displayed in the statement of
this exercise you can easily derive the values of any three of the measurements
from those of the remaining two. ¢

Exercises 5 to 7 develop informally a theory for the curved areas of cylinders,
cones, and spheres. No axiomatic system in this book supports this; it’s
more delicate than the notions discussed in chapter 3. You'll derive various
formulas here by means that seem reasonable, some by more than one route.
But you'll find no compelling argument that different derivations will always
yield the same result. A broader, consistent, and more robust theory can
be based on calculus.

Exercise 5. You can “unroll” the curved area of a cylinder or cone so it lies
flat. Whatever the curved area is, it should be the same as the flat area.
Derive formulas for these curved areas in terms of the base radius r and
altitude h.

Solution. The cylindrical area unrolls into a rectangle with edge lengths
27zr and h, soit must be 27 rh. The conical area unrolls into a circular
sector with radius R=yr2+h? and arclength 27 r, soit must be

2nr
27R

7R%2 = 7rR = mryr2+h? . e

Archimedes reasoned' that if he should divide the interior of a sphere
with center O and radius r into very many regions like pyramids with
apex O but with spherical triangular “bases,” then their total volume
Ys rr® would be approximately the sum of the volumes of the corresponding
triangular pyramids, which is V3 7 times their total base area. That area
would be approximately the same as the curved area a of the sphere. Thus,
he argued, ¥s7r®="3ra, hence a =4rr?2 provided the errors in the
two approximations both disappear as the number of pyramids increases.

Exercise 6. Present two more arguments for this formula. One, used in ele-
mentary texts now, is based on the difference of the volumes of two spheres

16 See van der Waerden 1963, Chapter 7.
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of nearly equal radii. Archimedes gave the other,'2 which he based on poly-
gonal approximations to a circle and on the curved area formula for a cone.

Solution. If the radii are r and r + h, then the volume of the region
between the two spheres is Y7z (r + h)® - %s7r® = ah. This gives
4xr’h+4nrh*+ Y nh® = ah, hence a~4xr’+4xh>(r+'sh). As h
approaches zero, the right hand side approaches 47 r% so a should be
47rr ¢

Exercise 7, Part 1. Derive a formula for the curved area of a cap of a sphere
with radius » formed by a plane at distance h <r from its center.

Part 2. Derive a formula for the curved area of the region of a sphere
between two parallel planes at distances & and h +w <r from its center.

Part 3. The state of Wyoming, a rectangle on a Mercator map, extends
between latitudes 41° N and 45° N and longitudes 104°3’W and 111°3’
W. What's its area? You may assume the earth is a sphere with radius
r = 3959 miles."”

Part 4. Colorado, also rectangular, borders Wyoming to the south. Its
edge arcs have exactly the same degree measures as Wyoming’s, but it’s
shifted 2° eastward. What's its area? Why don’t these areas agree exactly
with the official figures in a reference book?

Solution, Part 1. Imagine a cone with apex at the center of the earth,
using the cap’s base. Its volumeis Y37 (> - h*) h. By the solution to exer-
cise 4.8.4, the volume of the region I' consisting of cap and cone is

Yanrd - nrih+VanhP+ Vsx (PP - WO h=%xr’(r - h).
The ratio of the volume of I to that of the sphere is

2 9,

PRI ST B
3 2 p 2 r

This should be the same as the ratio of the curved areas of the cap and the
sphere, so the cap’s area should be

4
—7Tr
3

é ( 1-h ] 4rnr*)y=2xr%-2nrh.
r
Part 2. The required area is the difference of the areas of caps at distances
h and h+w, soit’s [2zr® -2xrh] - [277r® - 27r(h+w)]=27rw.
Part 3. Equations h =rsin41° and A +w =rsin45° determine w =
r(sin45° - sin41°), so Wyoming’s area is

1T 1o =60 = sixty minutes; 1' = 60" = sixty seconds.
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111°3" -104°3’
360°
Part 4. Colorado’s is
sin41° - sin 37°
sin 45° - sin 41°
These area figures aren’t exact because the earth isn’t exactly a sphere and

surveyors don’t necessarily follow exactly the parallels and meridians of
latitude and longitude. ¢

(27 r*)(sin45° - sin 41°) = 97,750 mi®.

- (Wyoming’s area) = 103,900 mi®.

Exercise 8. Consider a spherical AABC on a sphere X with center O
and radius r. Planes AOB and AOC intersect the sphere in two great
circles that divide it into four regions called lunes. The A lune is the one
that contains arc BC. What's its area, in terms of m/A and r»? You can
handle the B and C lunes similarly. Show that the sum of the areas of
these three lunes is half that of the sphere plus twice the area of spherical
AABC. Derive a formula for the area of the spherical triangle in terms of
r and the sum m of the measures of its angles. Finally, prove that 180° <
m <540°. These inequalities constitute the spherical triangle sum theorem.

Solution. By observing how the great circles subdivide a model of a sphere
you can verify that the sum of the lunes’ areas is half the sphere’s plus twice
the spherical triangle’s. The A lune has area

m/A ‘477_’”2 — m/A . 777‘2.

360° 90°

Therefore,
mZA'*‘I;l(Z)OB"'mZC.ﬂ-rQ =% -4rr?2+2aAABC
aAABC = mZA+Ilnsl(f+mZC L)art.

Finally, 180° <m < 540° because the area must be positive and less than
that of a hemisphere. ¢

4.10 Exercises on coordinate geometry

Concepts
Constructing general, robust conceptual tool kits that are easy to use
Analytic geometry tool kit
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Exercises 1 to 6 constitute a review of elementary three-dimensional coordinate
geometry. Solving them, you'll construct a tool kit of analytic formulas and
methods corresponding to many of the synthetic concepts in chapter 3. Here,
phrases such as point P, line g, and plane & mean coordinates of P, linear
parametric equations for g, and linear equation or linear parametric equations
for e. Exercise 7 adapts the tools to plane geometry. For this tool kit, you
should use the theory and notation summarized in appendix C for vector
algebra and systems of linear equations. You may also want to consult a
standard analytic geometry text.’® For each part of these exercises, you should
describe the corresponding method in detail and provide enough examples
to demonstrate and check it in all relevant cases.

Guidelines for constructing conceptual tool kits have emerged from recent
software engineering projects. They apply to mathematical as well as pro-
gramming practice. Construct a tool kit for a whole field of applications,
but independent of any particular one. Make your tools general, so that
you can use them for every problem you encounter in that field. That way,
you'll retain familiarity with them. Employ uniform methods across the
entire tool kit, so it’s easy to use and document. Write your documentation
intending that your tools be used by others with different backgrounds, and
by yourself later when you don’t remember details of the underlying theory.
Finally, develop your tool kit ahead of time, when you're concentrating on
its theory and all its details. You won’t be distracted by the immediate need
for some special case. Having spent this effort in constructing your tools,
you'll feel justified to continue with thorough documentation that could prove
invaluable later. If you follow these guidelines, you’'ll create an intellectual
tool kit that’s easy, effective, and safe to use in a wide variety of applications.

Many tasks of the tool kit you'll construct are best accomplished by turning
them into problems about systems of linear equations, usually nonsquare.
You should become adept with the elimination techniques described in
appendix C for determining whether a system has a solution, for computing
a unique solution, and for expressing infinitely many solutions in terms of
parameters. Use them in the tool kit.

Standard texts often use vector cross products for some of these tasks.
Cross products aren’t covered in appendix C. Instead, you should seek methods
based on the elimination techniques just mentioned. Cross products are
described in detail in section 5.6, and in exercise 5.11.33 you'll be invited
to use them to streamline your tools.

Exercise 1. Describe in detail coordinate geometry methods for the following
tasks. For each task specify the proper form for the input and for the output,
and present an algorithm—a computational procedure for hand calculation.

18 mor example, Thomas and Finney [1951] 1979, chapter 11.
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It should work for all possible input cases. Provide an example of each case,
show how your algorithm handles it, display your output, and check it.

Task: given determine or find
1. points Pand @ ............. the distance PQ;
2. points PZQ@ ................ the line PQ;
3. points PZ@ and ........... point X on PQ with
ascalar t>0 XQ/PQ=t;
4. threepoints ................ whether they’re collinear;
5. three distinct collinear ... ... .. whichone lies between the
points others;
6. noncollinear points P, @, R .... point X of parallelogram
PQRX;
7. fourpoints ................. whether they’re coplanar;
8. noncollinear points P, @, R .... plane PQR.

Suggestion: As a style guide, here’s a solution for task 7, the one algorithm
among these eight with a traditional formulation that’s elegant but not
straightforward. It’s presented as a problem of determining whether a linear
system has a solution; algorithms for other tasks might involve computing
such a solution.

Task 7 algorithm. Given points P, @, R, S as columns of coordinates, append
entry -1 to each, to build columns P’, @', R’, S’ of length four. The given
points are coplanar just in case the matrix [P’ @' R’ S’'] with those col-
umns is singular.

Explanation. If the points are coplanar, there’s a nonzero vector 7' and a
scalar t, such that T'X=t, when X=P, @, R, S. Build arow T" oflength
four by appending entry ¢, to 7. Then T''X' =0 for these X. Con-
versely, if these four equations hold for any nonzero row T’ of length four,
then the first three entries of 7" constitute a nonzero row 7' of length three
such that T'X=t, for these X. Finally, the four equations 7''X' =0 are
together equivalent to one: 7'‘[P’' @' R’ S’] = O; and that has a nonzero
solution just in case this matrix is singular.

Example. The unit points on the three axes are not coplanar with the center
of the cube they form with the origin, but they are coplanar with their centroid
<3, Y5, 3>, because

1 0 o0 2 1 0 0 2
2 3
0o 1 0 1 | 0 1 0 <
det 2 |=-%#0 det 3(=0
0 0 1 é 0 0 1 é
-1 -1 -1 -1 -1 -1 -1 -1
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po =

8.

Solution. Here are suggested algorithms; you can provide examples.

Use the distance formula PQ =|P - Q|.

Use parametric equations X=Q + (P - @)t for the points X on PQ.
Use X asin (2): XQ= X - QI=I(P- QtI=IP QI|t|=(PQ)|t| =
(PQ)t.

Points P, @, X are collinear justincase P=Q or X=Q + (P - @)t
for some scalar ¢. If P# @, rearrange this asa 3X1 linear system.
To determine whether it has a solution ¢, find i with p, 7 g; then set
t=(x;, - q)/(p; - q;). The points are collinear just in case x; =gq; +
(p; - q;)t even when j#i.

Given distinct collinear P, @, X, find ¢ asin (4). Then P, @, or X
is between the others when ¢>1, t<0, or 0<i¢<1.

Youneed X-P=R-Q, so X=P-Q+R.

Points P, @,R,X are coplanar just in case det [P’ @' R' X'] =0, as
in (7).

Solution (7) is a linear equation for the points X on plane PQR. ¢

Exercise 2. Continue exercise 1 for the following tasks. Assume that
algorithms are available for all tasks in exercise 1.

Task: given determine or find

9, linesgand h ............ whether g=h;

10. lines gZh ............... whether they’re intersecting,
parallel, or noncoplanar;
11. intersecting lines g#Zh ..... the point gn h;
12. point P notonline g ...... the parallel to g through P;
13. point P notonline g ...... the plane through P and g;
14. intersecting or parallel
linesg#Zh ................ their common plane.

9

10.

11.
12.

Solution. Here are suggested algorithms; you can provide examples.

. Use the parametric equations to find distinct points P,@ on g and

X,Y on h. Use (4) to determine whether P,@,X and P,@,Y are
collinear triples.

Find distinct points P, @ on g and X, Y on h. The lines intersect just
in case there exist scalars ¢ and u© such that @ + (P - @)t =
Y+ (X -Y)u, ie. (P-@)i+(Y-X)u=Y - Q. Arrange thisas a
3X2 linear system. Ifit has a solution, then g and h intersect. If not,
use (7) to determine whether P, ®,X, Y are coplanar. If so, then g
and h are parallel.

Continue the algorithm in (10) to find the solution to the linear system.
If g has parametric equations X=@Q + Rt, thenline X=P+ R is the
parallel to g through P.
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13. Find distinct points €, R on g, then use (8) to find a linear equation
for the plane PQR.

14. If g and h intersect, use (11) to find P=gn h. Find points @, R #
Pon g and h. If g/ h, find distinct points P, @ on g and any point
R on h. Use (8) to find a linear equation for the plane PQR. ¢

Exercise 3. Continue exercises 1 and 2 for the following tasks. Assume
that algorithms are available for all previous tasks.

Task: given determine or find
15. planes d and ¢ ........... whether 6 =¢;
16. planes 6#Z¢ .............. whether they intersect;
17. intersecting planes dZ¢.... theline dn¢;
18. alineandaplane.......... whether they’re incident,

intersecting, or parallel;
19. line g intersecting
plane ¢ .................. point gn &;
20. point P notonplane ¢..... the plane 6 / & through P;
21. line g parallel to plane ¢ ... the plane J /¢ through g.

Solution. Here are suggested algorithms; you can provide examples.

15. Suppose 6 and & have linear equations S'’X=a and T'X=5. Form
columns S’ and T’ oflength four from S and T by appending entries
-a and -b. The planes are equal just in case one of S’ and T' isa
scalar multiple of the other. Use the technique of (4) to determine that.

16. The linear equations of distinct planes as in (15) form a 2x3 linear
system. The planes intersect if the system has a solution.

17. Continue (16) to find all solutions, expressed in terms of a parameter.
The expression constitutes parametric equations for the intersection
line.

18. Points X common to g and & satisfy their parametric and linear
equations X=P+ @t and S'X=a. Thatis, S'’P+ S'Qt=a. Ar-
range this as a linear equation for ¢. If it has no solution, then g / &.
If it has one, then g and & are intersecting. If it has infinitely many,
they’re incident.

19. Continue (18) to compute the solution.

20. If £ has linear equation S’X =5, then J has equation S'’X=a for
some scalar a. Clearly, a =S'P.

21. Find a point P on g and apply (20). ¢

Exercise 4. Continue exercises 1 to 3 for the following tasks. Assume that
algorithms are available for all previous tasks.
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Task: given determine or find
22. intersecting lines g#h ..... whether g L h;
23. point P notonline g ...... the line & . g through P;
24. point P online gin....... the line % . g through P
plane ¢ in ¢;
25. an intersecting line and
plane ................... whether they're 1;
26. point P andline g ........ the plane ¢ 1L g through P;
27. point P andplane ¢ ....... the line %k 1 £ through P;
28. planes 6#Z¢ .............. whether they're 1;
29. line and plane g, d
with g 20 ................ the plane ¢ 1L 6 through g;
30. intersecting lines g#h ..... the line &2 L g,h;
31. noncoplanarlines g,h...... the line 21 g,h.

22

23.

24.

25.

26.

27.

28.

29.

30.

Solution. Here are suggested algorithms; you can provide examples.

. Intersecting lines with parametric equations X=P+ Rt and X=Q +

St are perpendicular justincase R 1L S, ie. R'S=0.

Suppose g has parametric equations X = @ + R¢. Use (13) to find a
linear equation U'X=a for the plane through P and g. If X=gnk
then U X=a and X-P 1 R, ie. R'’X=R'P. Arrange the last two
equations as a 2x3 linear system. Solve it for X, then find parametric
equations for k= PX.

Suppose g and k have parametric equations X=@ + Rt and X=@Q +
St and & has linear equation U'X=a. Then SL R, U, so R'S=0
and U’'S=0. Arrange these two equations asa 2x3 linear system and
solve it for S.

Ifline X=P+ @t intersects plane U'X=aqa, then theyre perpendicular
just in case @ is a scalar multiple of U. Use the technique of (4) to
determine whether that’s so.

If g has parametric equations X= @ + R#, then ¢ has linear equation
R'X =qa for some scalar a. Clearly, a = R'P.

If £ has linear equation R’X=q, then %k has parametric equations
X=P+Rt.

Planes with equations R’X=a and S’X=1b are perpendicular just in
case R'S=0.

Find a point P on g but noton 6. Use (27) to find the line 2 . &
through P and (19)tofind @ =gn d and R=%kn . Use (8) to find
e=PQR.

Use (11) tofind @ =gn h. Find points P,R#ZQ on g,h. Points X
on k mustsatisfy (P- @Q)(X-@)=0=(R - @) (X - @). Arrange these
equations as a 2x3 linear system, which you can solve for X. Express
the solution in terms of a parameter to get parametric equations
for k.
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31. Suppose g and h have parametric equations X=P+ Rt and X=@Q +
St. Then k intersects g and h at X=P+ Rt and Y=Q + Su for
some scalars ¢t and w. Since X - YL R, S the scalars must satisfy
equations R(Rt - Su+P-Q)=0 and S'(Rt- Su+P-Q)=0.
Arrange them as a 2X2 linear system and solve it for ¢ and . ¢

Exercise 5. Find coordinate formulas for the distance between

1. a point and a line, 4. a parallel line and plane,
2. two parallel lines, 5. two parallel planes,
3. a point and a plane, 6. two noncoplanar lines.

Solution, Part 1. Consider point P and line g with parametric equations
X =@+ Ri. For the moment, assume P isnoton g. Let X be the foot
of the perpendicular to g through P. Since R 1 X - P, the corresponding
t value satisfies the equation 0 = R(X - P) = RY(@ + Rt - P), hence
t = RY(P - @)/(R'R). The distance from P to g isthen |X - P| =
|@+ Rt - P| for this value of ¢. This formula also yields the appropriate
value zero when P ison g.

Part 2. The distance between g and aline h /g is given by the part
1 formula: A has parametric equations X =P+ Rt for some P, and the
distance is that from P to g.

Part 3. Next, suppose plane ¢ has linear equation S‘’X=a. Let X be
the foot of the perpendicular to ¢ through P. Then X - P=S¢ for some
scalar ¢, hence a=S"(P+ St)= S'P+8'St, and t=(a - S'P)/(S'S) =
(a - S'P)/|S|%. The distance from P to & isthen |X - P|=|St| =
ISIIt]=|a - SPI/|IS].

Part 4. The distance between ¢ and aline g /¢ with parametric equations
X =P+ Rt is given by the part 3 formula.

Part 5. If plane 6 / ¢, then 6 has linear equation S’X =10 for some
scalar b. The line with parametric equations X = St intersects &£ and
6 at points St and Su such that S’St=qa and S’'Su=0b, hence ¢ =
al(S'S) =a/|S|? and u =0b/|S|* The distance between & and ¢ is
1St - Su| =S¢ -w)=1SIIt-ul=[a->b]/|S].

Part 6. Exercise 4, task (31) yields formulas for the intersections X and
Y of two noncoplanar lines with their common perpendicular. The distance
between the linesis |[X-Y|. ¢

Exercise 6, Part 1. How do you find a linear equation for a plane ¢ if you're
given a system of linear parametric equations?

Part 2. How do you find such a system if you're given a linear equation
for &?

Solution, Part 1. Given linear parametric equations X= P+ @t + Ru
for a plane &, first arrange the equations @'S=0 and R'S=0 asa
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2x3 linear system and solve it for S. Then S'X=S'P is a linear equation
for e.

Part 2. Given a linear equation S'X = a for a plane &, suppose
s; 0. (Cases 8,70 and s; 70 are handled similarly.) The equation
reads s;x; t s,%, + 83553 = 0. Regard this as a 1X3 linear system. Its
solutions, expressed parametrically, are

s s
Sy S5 2 "3
X =a-—t-—u s s
s, 8 . 1 1
ie. X=|0|+ t+ u. ¢
Xy =1 0 1 0
Xy = U 0

Exercise 7. Extract from exercises 1 to 6 the material that applies to plane
geometry, and present it using two-dimensional analytic formulas.

Solution. Here are the appropriate tasks. You can adapt the formulas
derived in earlier exercises.

Task:
given determine or find
l.points Pand @, .............. the distance PQ;
2.points PZQ@, ................. the line PQ ;
3. points P# @ and a scalar >0, . point R on PQ with
PR/IPQ =r;
4. three points, .................. whether theyre collinear;
5. three distinct collinear points, . ... which one lies between the
others;
6. noncollinear points P, @, R, ..... point X of parallelogram
PQRX;
T.lines gand A, ................ whether g =h;
8 lines gZh, ................... whether they intersect;
9. intersecting lines gZh, ........ the point gn h;
10. point P notonline g, .......... the line parallel to g
through P;
11. intersecting lines gZh, ........ whether g L h;
12. point P andline g, ............ the line k 1+ g through P;
13. apointandaline,.............. the distance between them;
14. parallel lines, ................. the distance between them;
15. parametric equations for line g, .. alinear equation for g;
16. a linear equation for line g, ..... parametric equations for g. ¢

The last exercise of this chapter investigates an alternate definition for
the interior of a tetrahedron. Clearly, a point lies in the interior if it’s between,
but different from, two points on opposite edges. Is the converse true? The
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problem is included here because analytic methods may work better than
synthetic ones.

Exercise 8. Select two opposite edges of a tetrahedron 7. Does every point
interior to 7 lie between points on these edges?

Solution. Select edges PQ and RS of tetrahedron T'= PQRS, and
a point X interior to 7. Then X lies between P and a point Y interior
to AQRS, and Y lies between @ and a point Z interior to RS. There
exist scalars x, y, and z between 0 and 1 such that

X=P( - x) + Yx,
Y=Q1 -y)+Zy,
Z=R( -2z) +Sz.

These equations entail

X=P1-x)+(Q1 -y) +Zy)x
=P1-x)+Q1 -y)x+Zyx
=P1-x)+Q1 -y)x+(R(1 -2) +8Sz)yx
=P(1 -x)+Q1 -y)x+ R - z2)yx+ Szyx.
Set a=1-xy, b=(1 -x)/a, and ¢c=1 -z, sothat a, b, and ¢ lie between
0 and 1. Observe:

ab=1-x
(1-b)a=(1-yx
1-a)e=(1-2)yx
1-a)1-c)=xyz
X=Pab+ Q@A -b)a+R(A -a)c+SA -a)(1 -c¢)
=(Pb+Q1 -b)a+(Rc+8S1-¢c)1 -a).
Thus X lies between points Pb + @(1 - b) and Rc+S(1 - ¢) interior to
PQ and RS. ¢
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Section

o.11

Solutions

fo exercises on
friangle and circle
geometry

Concepts
Analytic proofs of this chapter’s major theorems
Circumcenter, incenter, circumsphere, insphere, and centroid of a
tetrahedron
Orthocenters of rhombic tetrahedra
Homothetic centers of two circles
Finding triangle measurements from SAS, SSS, ASA, and SSA data
Tangent sum, difference, double angle, and half angle formulas
Chebyshev polynomials
Approximating sine values
Survey of spherical trigonometry
Using cross products and determinants in analytic geometry
Exercises that can utilize algebra software

This section contains thirty-eight exercises related to the earlier parts of
the chapter. They're gathered together here because the material covered
in chapter 5 is so tightly interrelated. Even routine problems such as exercise
1, intended to provide computational experience with the concepts in section
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5.1, benefit from application of formulas derived much later in the chapter.
Often a problem that seems to be about one subject yields most easily to
methods introduced to study another. You'll find here a few straightforward
applications of the major results in the text, and of the methods used in
deriving them. But many of these exercises carry on the tradition started
in chapter 4; they complete the development of theories and techniques
started in the text, or extend them to new subjects.

For example, exercises 7 to 9 introduce the theory of tetrahedra: the three-
dimensional analog of this whole chapter. Exercises 21 to 24 complete the
development of plane trigonometry begun in chapters 3 and 4 and pursued
hotly in section 5.5. With these exercises, the book contains the entire
geometric content of the familiar trigonometry course, seen from an advanced
viewpoint. Another family of exercises, 28 to 32, carries out a parallel develop-
ment of spherical trigonometry, a neglected but highly practical branch of
mathematics whose repertoire of applications is increasing.

Exercises in section 4.10 encouraged you to assemble an analytic geometry
tool kit for use in a wide variety of applications. Analytic techniques were
developed and extended in sections 3.11 and 5.6, using vector algebra notation
and concepts summarized in appendix C. Several exercises in the present
section apply and enhance those techniques. Most of the straightforward
computations in exercises 1 and 2 are probably familiar to you from more
elementary courses. But these quickly give way to much more complicated
examples. Analytic proofs of some of the major theorems of triangle geometry
require algebraic computations that touch or exceed the limit of human
capability. Joint efforts of computer scientists and mathematicians have
produced algebra software that can help with such work. You're invited
to use it to carry out some of the computations in the last two exercises, which
feature an analytic proof of Feuerbach’s theorem, the climax of this chapter.

Related exercises are gathered under headings. Under a particular heading,
the simpler exercises usually precede the deeper, more complex ones.

Basic exercises

The first few exercises in this section illustrate its most basic ideas. This
arrangement shows why the exercises are gathered at the end of the chapter.
An efficient solution of exercise 1, for example, will probably use concepts
from sections 5.1, 5.5, and 5.9. Other basic exercises involve material covered
in 5.7 and 5.8. Exercise 1 could be stated simply, tl/lustrate with a partic-
ular triangle as many as possible of the concepts introduced in chapter 5.

Exercise 1. Consider in detail AACB shown with a coordinate system in
figure 5.11.1. Calculate the following scalars and vectors:

17:26 30 Oct 99



5.11 EXERCISES 57

P
y
B
Figure 5.11.1
Exercise 1
m 30° A \
1
C Xy X
centroid ....... G inradius ......... r
circumcenter ... O Nagel point .. .... N
circumradius ... R orthocenter ...... H
incenter ....... I

Write all scalars in lowest terms with integer denominators. Suggestion: The
Nagel point has y coordinate = 0.27.

Solution. Since edge a =1 and m/A = 30°, the hypotenuse ¢ =
2a=2. Edge b= /3 by Pythagoras’ theorem, so A=</3,0>. The semi-
perimeteris s="%(a+b+c)= % (3+/3). Since the circumcenter of a
right triangle is the midpoint of its hypotenuse, O =C’'="% (A + B) =
<% /3,%> and R =% c=1. The orthocenter of a right triangle is the
vertex of its right angle, so H=C. The centroidis ¥ of the way from C
to C', so G=%C'"=%0. Thearea 4="2ab=" /3. Equation 4=
rs yields r=4/s="(-1+y/3). The incenter I=<r,r>. Equations 4=
r(s-a)=r,(s-b) yield r,=4/(s-a)="%(3-/3) and 5, =4/(s - b) =
Y2 (1+ {/3). The excircles opposite A and B touch the edge lines at E,, =
<0,7,> and E,,=<r,,0>. AE_ and BE,, have linear equations

y—O:ra_O y-a_ 0-a
x-b 0-b x-0 r, -0
Ta a

y= -—x+r y=-—x+a.
b r,

Thus you can find their intersection, the Nagel point N, by solving

r
- 2xtr,= -Lxta.
b ' r,
That yields x =1, and from either of the preceding equations you’ll get
y=2-43. Thus, N=<1,2 - /3> = <1.00,0.27>. In summary,

centroid ......... G...... <3 /3, s>
circumcenter . . . .. O...... <% /3, 2>
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circumradius . . . .. R ...... 1

incenter ......... I...... <Ye(-1+/3),%(-1+/3)>
inradius ......... oo Ve (-1+/3)

Nagel point . .. ... N...... <1,2 - /3>

orthocenter ...... H.. .. .. <0,0>.¢

Exercise 1 used a particularly simple triangle to limit computational com-
plexity. That restricts somewhat the repertoire of concepts it can illustrate.
You may want to pose and solve similar exercises with less special triangles,
and calculate more features. For example, try an isosceles triangle that’s
not right, and show that the feet of its altitudes do all lie on its Feuerbach
circle.

The next exercise uses the same analytic methods in a general context.
It’s really three related exercises for the analytic geometry tool kit that you
assembled in section 4.10. For any triangle AABC there’s a Cartesian coor-
dinate system with the arrangement shown in figure 5.11.2.

Exercise 2. Prove the edge bisectors, altitudes, and medians theorems ana-
Iytically, using AABC in figure 5.11.2.

Solutton. The edge midpoints are

A =<Voxg, Ve yo>
B' =< x,, Ve yo>
C'=<Va(x,+ x3),0>

and the perpendicular bisectors j, &, and [ of the corresponding edges
have x,y equations
Jio (- xpl+yt =x’+ (y - o)
2ycy - 2xpX =8 - Xp
k: 2ycy - 2xx=y¢ - xf

l: x =" (x,+ xp).
AN
ki
ye/ |C
Figure 5.11.2
Exercise 2
A B
T T 7 X
Xy Xp
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The intersection O=<x, y> of j and k —the circumcenter, not the origin
—satisfies the first two equations, hence their difference 2(x, - xz)x =
x? - x2, which is equivalent to x = % (x, + x3). Therefore, O lieson [:
the edge bisectors theorem.

The edges opposite A and B have slopes -v./xz and -y./x,, hence
the altitude lines A, and hy through A and B have x, y equations

hy: y=(xplyc)(x - xy) hg: y=(x4/yc)(x - xp).

Their intersection H = <x, y> satisfies the equation (xz/y.)(x - x,) =
(x4/yc)(x - xg), hence x(xp - x,)/yo=0, so x=0. Therefore, H lies
on the altitude line through C: the altitudes theorem.

The medians m,, m,, and m, through A, B, and C satisfy equations

XXy _ Vexp-x,

y-0 %2y--0

xX-x, Xp-2x,
Y Yo

Yex+ (2x4 - Xxp)y - %45c=0

m.:

Q-

my: Yex+ (2xp - x,)y - x%3Yc=0

xA+xB
oox-0 _ 2
m,: =
Y-Ye 0-vy¢
x  _  Xa'%p
Y-Ye 2y¢

2ycx+ (x4 +xp)y - (x4 +x5)yc=0.

By theorem 5.6.12, these lines have a common point because they're not
parallel and

Ye 2x, ~xp X4
det| y¢ 2x5 - %, ~Xg =0.
2y0 x,txp - (x,txp)

(The third row is the sum of the first two.) That’s the medians theorem. ¢

The angle bisectors theorem doesn’t yield easily to these methods, mainly
because the formulas for the slopes of the bisectors are too complicated.
You'll find an exercise on that theorem at the end of this section, with a
suggestion to use mathematical software to help with the algebra.
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Figure 5.11.3
Exercise 3

Exercise 3. Prove that the quadrilateral in figure 5.11.3, formed from the
intersections of adjacent quadrisectors of the angles of a rhombus, is a square.

Solution. The diagonals of a rhombus meet at its center O. By theorems
3.7.18, 3.7.19, and the SAS congruence theorem, they divide it into four
triangles 9, to 9, with right angles at O. Any two adjacent quadrisectors
bisect the acute angles of one of the J,, hence meet at its incenter I,. This
point also lies on one of the bisectors g and A& of the right angles at
O; notice that g 1 h. Use the congruence of triangles J, and the ASA
congruence theorem to show that the four segments O_Ik are congruent.
The diagonals of the quadrilateral of incenters are thus congruent, perpendicu-
lar and bisect each other. Use the SAS theorem to show that it’s square.! ¢

The next exercise has a particularly nice figure. Draw it!

Exercise 4. The altitude lines of an oblique AABC through vertices A,
B, and C meet its circumcircle at points X#ZA, YZB, and Z# C. Show
that the edge lines of AXYZ are parallel to those of the orthic triangle, and
these triangles are similar, with ratio 2.

Figure 5.11S.1
Exercise 4 solution

! Compare the solution listed in the bibliography as Mathematics magazine 1989.
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Figure 5.11S5.2

Exercise 5 solution

Solution. In figure 5.11S.1, which is an adaptation of figure 5.8.1,
(XZC = /XAC = /DFH by theorem 5.8.1. Moreover, HF = FZ by theo-
rem 5.8.2. ¢

Exercise 5. Show that points B, C, E, and F in theorem 5.8.1 all fall
onacircle I" that's orthogonal to I, —thatis, the tangentsto /" and 7, at
their intersections are perpendicular. Suggestion: Where does the tangent
g to Il at F intersect BC ?

Solution. Let U denote that intersection, as in figure 5.11S.2. Then
m/BFU=% mAXF=m/AEF=m/CBA. By the isosceles triangle theorem,
FU=BU, so U lies on the perpendicular bisector of BF. It follows that
U is the midpoint A’. Clearly, E and F lie on the circle I" with diameter
BC, and the tangent to I" at F is perpendicular to its radial line g. ¢

Exercise 6 is one of many inequalities that involve triangle features
introduced in this chapter. To solve it, you need apply only the triangle
inequality and the most basic properties of the centroid.

Exercise 6. Let m,, m,, and m, be the lengths of the medians of a tri-
angle with perimeter p. Show that Ysp<m,+m, + m,<p.
Solution. In figure 5.7.1, AG + GB > AB; that is,
Yam, +%3m, >c.
Similarly,

Yamy, +%3m,>a
Yam,+%3m,>b.

Adding these three inequalities, you get

Ya(m,+my+m)>a+b+c

m,+my+m,>%p.
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Also, AA'<AB’' + B'A’; that is,
m,<Y%b+%ec.
Similarly,

m,<%c+'%2a
m,<Yea+'b.

Adding these three inequalities, you get

Mme+my+m,<p.+¢

Exercises on tetrahedra

Most of the plane geometric results covered in this chapter have three-
dimensional analogs. You can derive some of them, such as the three in
exercise 7, exactly as in plane geometry. Understanding the three-dimensional
situations strengthens your hold on the basic plane theory. In other cases,
such as exercise 8, the analogy isn’t perfect; you must adjust the statement
to get an interesting result. These two exercises will seem somewhat more
difficult than the basic ones included under the previous heading, but that
probably stems only from the effort necessary to visualize unfamiliar three-
dimensional configurations. Exercise 9, the last on tetrahedra, is considerably
more tedious. Its solution uses methods you've encountered already in the
proof of theorem 5.9.2 and in exercise 4.6.6.

Exercise 7. Invent and prove three-dimensional analogs of the edge bisectors,
angle bisectors, and medians theorems and related results in section 5.1.
Use tetrahedra and spheres in place of triangles and circles. Relate the
centroid of a tetrahedron to its vertices, the midpoints of its edges, and the
centroids of its faces.

Solution. The perpendicular bisectors and angle bisectors theorems have
straightforward analogs; bisect the edges and dihedral angles with planes.
The bisectors meet at the circumcenter and incenter of the tetrahedron: the
centers of its circumscribed and inscribed spheres. The medians join each
vertex to the centroid of the opposite face. They all pass through a point
—the centroid of the tetrahedron— %4 of the way from each vertex to the
opposite face. The centroid is also the common midpoint of the three segments
joining midpoints of opposite edges. ¢

Exercise 8. This exercise develops a three-dimensional altitudes theorem.
Since the altitude lines of a tetrahedron don’t necessarily have a common
point, the problem is to describe when that happens. First, you need some
preliminary results relating tetrahedra and parallelepipeds.
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Figure 5.11.4 Twin tetrahedra

Part 1. From a parallelepiped & with bases AB'CD’ and C'DA’B
and directrix AC’, construct twin tetrahedra ABCD and A’B'C'D’ as
suggested by figure 5.11.4. Show that they're congruent, that BCD /
B'C’'D’, and that every tetrahedron ABCD can be constructed this way
from some parallelepiped.

Part 2. ABCD is called rhombic if the faces of & are all rhombic. Show
that ABCD is rhombic if and only if each edge lies in a plane perpendicular
to the opposite edge line.

Part 3. Show that the altitude lines of a rhombic tetrahedron intersect
at its twin’s circumcenter.

Part 4. Show that if any two pairs of altitude lines of a tetrahedron
intersect, then it’s rhombic.

Part 5. The intersection of the four altitude lines of a rhombic tetrahedron
is called its orthocenter. Show that the common perpendiculars of the three
pairs of opposite edges of a rhombic tetrahedron intersect at its orthocenter.

Solution, Parts 1and 22 These are simple, except for the proof that BCD /
B'C'D’, which is most easily done with analytic geometry.

Part 3. Let ABCD be a rhombic tetrahedron with twin A’'B’C’'D’, and
h be the perpendicular to plane B'C’D’ through its circumcenter. The

twin’s circumcenter H must lie on A, and so must A because AB' =
AC'=AD’. Bypart (1), h L BCD, so h is the altitude line through A.
Similarly, H must lie on the other altitude lines.

Part 4. For each vertex V, let Fy, denote the intersection of the opposite
face with the altitude line through V. Suppose AF. ", and BE meet at a
point H. Then HAB L BCD,CDA, so HAB . CD = BCD n CDA. Thus
AB is parallel to a line perpendicular to CD. These are diagonal lines
of opposite faces of the parallelpiped & from which ABCD is constructed,

2 A source for this kind of material is Altshiller-Court’s classic text [1935] 1964, chapter 4.
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hence those faces are rhombic. If another pair of altitude lines meet, then
another pair of opposite faces of & are rhombic, so all its faces are.

Part 5. BEF, liesin BCD and HAB, and AF, liesin CDA and
HAB. These lines are coplanar but can’t be parallel, so they must meet at
apoint P in CD = BCD n CDA. Then H is the orthocenter of
APAB because AF L BP and BF 1L AP, hence PH . AB. Thatis,
H lies on the common perpend1cular PH of AB and CD. ¢

Exercise 9. Demonstrate the equivalence of the following three properties
of a tetrahedron J:

(a) The incircles of the faces of  are tangent in pairs.

(b) There’s a sphere tangent to all edges of 7.

(¢) The sums of the lengths of the three pairs of opposite sides of
J are equal.

Solution. Let I'y to I, and I, to I, denote the incircles and incenters
of the faces opposite vertices V, to V,.
Assume (a), so that each I; and I touch at a point T;. Since ILTL,

13

1]le 1 V V, when i, j, k, and [ are distinct, I;T;;I; 1 VV and the
perpend1cu1ars g and g; through I, and I, to planes VV,(V, and
V.V,V, lie in plane IT;I;. Therefore g and h intersect at a point O,
the center of a sphere X tangent to all edge lines except possibly VLV]
Repeat the argument with a different pair i,j to show that 2 and
V;VI are also tangent. Thus (a) implies (b).

Condition (b) obviously implies (a). The next step is to show that (a)

implies (¢). Assume (a). Then

ViTs = Ty V) T,,V,=V,T,
V,T,, =T,,V; T,V,=V,Ty

ViVo + V= VT, + TV, + VT, + T,V
=Vl + T\ \Vy + VTos + TV,
=WV, +V,V,.

Similarly, this sum equals V,V; + V,V,. Thus, (a) implies (c).
The last step is to show that (c) implies (a). Suppose I, touches V;Vk
at point P;;;, and assign directions to each of the edge lines so that

(VitoV,), (V,toVy), (V5 to V), and (V,to V,) are all positive. Now
assume (c), so that

(Vi to Pyp) + (Pyp to Pyyy) + (P to V)

+ (V3 to Pigy) + (Pig to Pyyy) + (Pyy, to V)
(Vito V) + (Vo to V)
(Vato V) +(V, to V)
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= (Vyto Piyz) + (Pig3 to Pryg) + (P + Vi)
+ (Vito Pyyy) + (Payy to Pyyy) + (Pyyy to V).

Since (V; to Pyjp) = (Pyyy + Poyy) + (Poyy to V),
(Pyyy to Pyyp) + (Pyyp to Vi) + (Vi to Pygy)

+ (Py3q to Pyyy) + (Pyzy to V)
= (Vo 10 Piyg) + (Prgg 0 Pyy) + (Pygg to Vi) + (V, to Pyyy).

Moreover, (V;t0 Pi3,) = (Pigs t0 Pys) + (Pyes to Vy) = (Pras to Vi), so

(Pyy3 t0 Pyyp) + (Pyyy to Vi) + (Pygq to Pogy) + (Pygsto V)
= (Vyto Pyy) +(V, to Pyyy),

(P15 to Vo) + (P, to V) = (Vyto Pryg) + (V, to Pyyy).
But

(Pyyy to V) = (Pyyy to V3) (Pigsto V) =(V, to Pyyp)

(Vy to Pig3) = (Pyyy to V3) (Vito Pyyy) = (Vi to Pyyy),
SO

(Pyyp to Vy) + (Vi to Pyyy) = (Pyyp to Vi) + (V to Pyyy)

(Pyypto Vy) +(Vito Pyy) + (Vyto Pryy) + (Pyyy to V,) =0

2(Py5 to Pyyp) = 0.

Therefore P,,, = P,,, —thatis, I7 and I3 touch V;V4 at the same point.
You can verify the other common tangencies the same way. Therefore,
(¢) implies (a). ¢

Exercises on Menelaus’, Desargues’,
Ceva’s, and Feuerbach’s theorems

Exercises under this heading include applications of major theorems of this
section, additional uses of methods employed to derive them, and an alternate
proof. Analytic proofs are included under a later heading. Exercise 10 applies
Menelaus’ theorem to quadrilaterals. Can you generalize it to handle polygons
with more than four vertices?

Exercise 10. Assign scales to the lines in figure 5.11.5, in order to use directed
distances. Prove that

AtoE' C'toD’' BtoD CtoE _ 1

E'toC’ D'toB DtoC EtoA

Solution. Let X= AB n DE and assign a scale to AB. Then

AtoE’ C'toD’' BtoD CtoE

E'toC' D'toB DtoC EtoA
_ AtoE’ C'toD’' BtoX AtoX BtoD CtoE

E'toC’" D'toB XtoA XtoB DtoC EtoA

=(-D(C-D=1.
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Figure 5.11.5
Exercise 10

A DAY

Exercise 11. An intersection of two distinct common tangents to two distinct
circles is called their external homothetic center if the circles lie on the same
side of both tangents, and their internal homothetic center if they’re on
different sides of both tangents. Consider three circles, each two of which
have an external homothetic center. Show that those three homothetic cen-
ters are collinear. What about internal homothetic centers? Combinations
of internal and external homothetic centers?

Solution. Use this notation:

I, I, I}, .. circles with centers A, B, C;

F4,Tg,Tc . .. their radii;

X . external homothetic center of /; and I7;
Y ... external homothetic center of I and [17;
Z ... external homothetic center of I, and 77.

Then X, Y, and Z lieon a= BC, b=CA, and c= AB. If these are the
same line, the result holds. If not, assign scales to them in order to use
directed distances, and apply Menelaus’ theorem to AABC:

AtoZ BtoX CtoY _ [ Ta|| _TB|f_Tc| - 4
ZtoB XtoC YtoA o T4 '

T'p

That implies collinearity of X, Y, and Z.

If two pairs of circles have internal homothetic centers and the third has
an external center, then those centers are collinear by the same argu-
ment; you get two minus signs and one plus. But other combinations of
homothetic centers won't generally fall on a common line.? ¢

Exercise 12. Consider points D, E,F # A, B, q on the edge lines opposite
these vertices of AABC. Suppose lines AD, BE, and CF are
copencilar; let BC meet EF at A*, CA meet FD at B*, and AB
meet DE at C*. Show that A*, B*, and C* are collinear.

3 Mcleary 1982 and Heil 1984 contain solutions based on Desargues’ theorem, and on a three-
dimensional construction analogous to Whitehead’s proof of Desargues’ theorem.
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h
R
Q
@] P A B C 8
Figure 5.11.6 Figure 5.118.3
(OtoA)(OtoB)=(0toC) Exercise 14
if (OtoP)=1 solution, part 2

Solution. Apply Desargues’ theorem to AABC and ADEF. ¢

Exercise 13. Draw the scene in figure 1.1.3 on a vertical panel placed
obliquely, so that no tile edge is parallel or perpendicular to the image plane.
Start with a perspective image of a single tile, analogous to figure 1.1.6.
Then construct the image of the rest of the tiling. Imitate the section 1.1
discussion, using Desargues’ theorem to show that your technique is consistent.

Solution. Repeat that discussion almost verbatim, using the concurrent
case of Desargues’ theorem in figure 5.3.1 irlstead of fhe parallel case. For
point O, use the intersection of edge lines PQ and RS in the new image. ¢

Exercise 14. Figure 5.11.6 displays a geometric algorithm for multiplying
coordinates of points on a line g, relative to a particular scale. Let O and
P be the points on g with coordinates 0 and 1, and select any line h #
g through O and any point @ #Z O on h. Given any points A and B on
g, find R on h and C on g sothat BR J PQ and RC J QA.

Part 1. Show that

(OtoA)(OtoB)=(0to C).

This equation of course implies that you get the same point C regardless
of your earlier choices of 7 and @.

Part 2. Now suppose you knew Desargues’ theorem but not the equation
in part (1). Choose a point @' # @, O on h. Construct C’ according to
the algorithm, using @’ in place of @. Show how Desargues’ theorem implies
c=cC".

Part 3. Same as part (2), but now choose a line A’ #Zg,h through O,
select @'# O on h', and construct C’ according to the algorithm, using
Q' and A’ inplace of @ and h.
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Solution, Part 1. AOAQ ~ AOCR and AOQP ~ AORB, so

In figure 5.11.6, where A and B are both on the same side of O as P,
this implies (O to A)(O to B) = (OA)(OB) =(OP)(OC)=0C=(0to C).
You should check that the directed distances work out properly in the other
cases, too.

Part 2. (See Figure 5.118.3.) Find the intersection X of @A and PQ’.
Let k= OX, and find the intersection Y of k& and RC. Apply Desargues’
theorem to AP@X and ABRY to get XP) YB. Thus Y lieson BR'. Apply
Desargues’ theorem to AXAQ’ and AYCR' toget AR’/ CR’. Thus CR’ =
C'R’, so C=C".

Part 3. Similar to part (2). ¢

In his 1899 book Foundations of geometry, David Hilbert showed how
to formulate geometric axioms without mentioning scalars, how to define
scalars as the points on a particular line g, and how to use Desargues’
theorem as in the preceding exercise to define the product of two scalars.
He handled addition similarly, and derived all the standard algebraic proper-
ties of these operations from his geometric axioms.

Exercise 15 demonstrates another way to prove Ceva’s theorem, in addition
to the two proofs in section 5.4. In exercise 16, you can apply the same method
to derive some related formulas.

Exercise 15. Prove statement (i) of Ceva’s theorem by considering ratios
of areas of the six triangles that make up AABC in figure 5.4.1. Can you
extend that method to apply to any of statements (iz) to (vi)?

AtoZ _ aAAZW _ aAAZC
ZtoB aAZBW  aAZBC

aAAZW - aAAZC _ aAAWC
aAZBW - aAZBC  aAWBC

Solution.

Similarly,
BtoX _ aABWA CtoY _ aACWB
XtoC aAWCA YtoA aAWAB

Multiplying the ratios of directed distances, you get a product of ratios of
areas. Their numerators and denominators all cancel. ¢

Exercise 16. Prove that in figure 5.4.1,

WX, wy wz_, AW _AY | AZ
AX BY (CZ WX CY ZB'
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Figure 5.115.4
Exercise 16 solution,
part 2

Solution. WX/AX is the ratio of the altitudes of ABWC and AABC,
hence it’s the ratio of their areas. Similar results hold for the other vertices, so

WX, WY, WZ_ aABWC  aACWA , aAAWB
AX BY CZ aAABC aAABC aAABC
_ aAABC _,

a AABC

To derive the second equation, construct g / BC through A, as in figure
5.115.4. Itintersects CZ and BY atpoints U and V. Then AAUW ~
AXBW and AAVIWW~AXCW, so

AW _ UA _ AV AW _ UA+ AV _ UV

WX BX XC WX BX+ XC BC’

Exercise 17 is a converse of part of theorem 5.7.1. To solve it, you may
need to analyze when positive scalars x, y, and z have the same geometric
and arithmetic means—that is, when 3\/ xyz =3 (x+y+2).

Exercise 17. Show thatif AAZW, ABXW, and ACYW in figure 5.4.1
have equal areas, then W is the centroid of AABC.

Solution.! Let t =aAAZW =aABXW=aACYW, x=BX/XC, y=
CY/YA, and z2=AZ/ZB, sothat aAZBW=t/z, aAXCW =t/x, and
aAYAW=1t¢/y. Then aAABX=x(aACAX):

2t+£=x z:+£+i .
z X oy

Multiplying both sides by yz/t, youget 2yz+y=xyz+yz+zx. By Ceva’s
theorem, xyz=1, so

yz+y=1+zx.

1 See the bibliography entry Mathematics magazine 1984.
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Similarly,

zx+z=1+xy
xy+x=1+yz.

Adding the preceding three equations yields
xytyztzx+tx+y+z=3+xy+yz+zx,

hence x+y+2=3.

Without loss of generality, you can assume x < y < z. Suppose x <z
—this will lead to a contradiction. If 1 <x, then 1<y and 1<z, and
youd have 3<x+y+z. If z<1, then y<1 and x<1, and you'd have
x+y+2z<3. Thus x<1<z, so x=1-h and z=1+k, where 0<h <
1 and 0<£k. Therefore y=3-x-z=1+h -k, so

l=xyz=(1-h)(1+h -R)(1+Ek).
After some algebra, that equation yields -h”k + hk + hk*> = h® + k?, hence

-h’k+ hk+ hk® > 2Rk
-h%k + hEk? > hk
-h+k>1
x+z=2-h+k=3
y=3-(x+2)<0

—contradiction! Therefore z<x, so x=y=z=1. Thatis, X, Y, and
Z are the edge midpoints of AABC. ¢

Exercise 18. Using concepts and techniques introduced in sections 5.1 and
5.4, describe the center of gravity of the union of the edges of a triangle.
You may assume that the center of gravity of a segment is its midpoint.

Solution. Replace edge AB of AABC by a weight ¢=AB at its midpoint
C’. Replace the other edges similarly. Now replace the weights a at A’
and b at B’ by a weight ¢ + b at the point X on A'B’ such that

XA _ b

XB" a
The bisector g of ZC’ of the medial triangle AA'B’C’ meets its edge A'B’
at X, so the center of gravity of the system of weights lies on g. Similarly,
it lies on the other angle bisectors of AA’B’C’. Therefore, the center of gravity
of the union of the edges of a triangle is the incenter of its medial triangle. ¢

Exercise 19. Finish the proof of Feuerbach’s theorem begun in section 5.10
by showing that the Feuerbach circle of any triangle is tangent externally
to its excircles.

Solution. Not available. ¢
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Plane trigonometry

Several exercises under this heading complete the treatment of plane
trigonometry started in section 3.13 and continued in 5.5. The last two
exercises augment this chapter’s list of arcane and entertaining formulas
involving various triangle geometry concepts. They’re just a sample of the
huge stock to choose from. Exercise 20 connects the trigonometry in section
5.5 with Menelaus’ theorem.

Exercise 20. Write Menelaus’ product in terms of trigonometric functions
of angles 1 ACZ, /ZCB, (BAX, /XAC, /CBY, and /YBA infigure 5.4.1.
How should you treat these angles consistently as positive or negative, so
that the sign of the product is correct in all cases?

Solutton. Choose a coordinate system. For noncollinear points P, V,
and X, define the sign of ZPQR to be that of det[P -V, X - V]. Note
that /ABC, /BCA, and /CAB all have the same sign. Choose scales on
the edge lines of AABC in order to use directed distances, but don’t use
directed distances on other lines. By the law of sines,

AtoZ sinm/ACZ

AtoZ _ CZ _ sinm/CAB
ZtoB ZtoB sinm/ZCB
&/ sinm/ABC

sinm/BAX sinm/CBY
BtoX _ sinm/ABC CtoY _ sinm/BCA
XtoC  sinm/XAC YtoA sinm/YBA

sinm/BCA sinm/CAB

Thus, Menelaus’ product is

sinm/ACZ sinm/BAX sinm/CBY
sinm/ZCB sinm/XAC sinm/YBA

The next two problems summarize and provide examples for the part of
a plane trigonometry course commonly called “solving triangles.” They show
how to determine the remaining side(s) or angle(s) of a triangle when you're
given ASA, SSS, SAS, or SSA data. The last of these, often called the
“ambiguous” case, is segregated from the others because SSA data sometimes
don’t determine the triangle uniquely. You made a preliminary study of
that case in exercise 4.6.2.

Exercise 21, Part 1. Design an algorithm for computing the remaining
angle measure and edge lengths of AABC given ASA data m/A, b=
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CA, and m/C. Clearly, any valid input must satisfy the conditions 0° <
m/A, m/C<180° and 0<b. Is any further condition necessary? If so,
and you don’t check it at the onset, how might your algorithm fail? Demon-
strate your algorithm for the data sets

m/A b m/C
55° 65 75°
85° 95 105°

Part 2. Same problem for SSS data a=BC, b, and ¢=BA. Must valid
input satisfy any conditions beyond the obvious 0<a, b, c? Try your algo-
rithm on the data sets

a b c
70 65 82
70 152 82
70 153 82

148 65 82

Part 3. Same problem for SAS data a, m/B, and ¢. Must valid input
satisfy any conditions beyond the obvious 0 <a,c¢ and 0° <m/B < 180°?
Try your algorithm on the data set

a m/B c
70 50° 82

Solutton, Part 1. If the input is valid, then
m/A+m/B+m/C=180° m/B=180°-m/A -m/C
a b

sinm/A sinm/B

a= bsinm/A o= bsinm/C
sinm/B sinm/B

Valid data must also satisfy the condition m/A + m/C < 180°, else the
/B formula would yield a negative angle measure. For the first data set,

m/B=180°- 55°- 75° =50°

_ 6bsinbb° _ 65s81n75°
a= ——— =70 c= —" " =
sin 50° sin 50°

82.

The second set is invalid because m/A + m/C =190° > 180°.
Part 2. If the input is valid, then

br=c?2+a%-2cacosm/B
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a?-b2+c? _ al+b?-c?
- m/C = arccos —————
2ca 2ab

m/A=180°-m/B -m/C.

m/B = arccos

Valid data must also satisfy the conditions b<c+a, c<a+b, and a<
b+ c. The invalid condition b > ¢ + @ is equivalent to b% > (¢ + a)?: that
is,to a® - b*+c?< 2ca, or
a?-b%+c?
= - -«

2ca

-1.

Therefore, this condition corresponds to m/B = 180° or to failure of the
inverse cosine function. The invalid condition ¢>a+b or a> b +c¢ is
equivalentto | a - ¢ | > b, thatis, (a - ¢)’ > b*, or
a?-b2+c?
- - >

2ca

+1.

Therefore, this condition corresponds to m/B = 0° or to another failure
of the inverse cosine function. For the first data set,
70% - 652 + 822

m/B =arccos——————— = 49.9°
2:82-70

2 2 _ 2
m/C = arccosw ~ T74.7°
2-70-65
m/A=180°-m/B-m/C = 554°.

The second and third data sets are invalid because b > a + ¢; the fourth,
because a>b +c.
Part 3. 1If the input is valid, then

b=1c2+a?-2cacosm/B.

The radicand is always positive, so no additional condition is necessary.
Once you know b, you can use the SSS algorithm

_ —a’?+b%2+c? _ c-acosm/B
m/A=arccos— ——~ "~ =arccos —————=2
2be b

m/C=180°- m/A - m/B.

For the given data set,

b =\/822+702*2'70'8200850° = 65.2.
m/A= arccosw ~ 55.4°
m/C=180°-m/A - m/B = 74.6°. ¢
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Exercise 22. Design an algorithm for computing all possible values of the
remaining angle measure and edge lengths of AABC given SSA data a =
BC, b=CA, and m/A. According to exercise 4.6.2 there are at most two
possible solution sets m/B, m/C, and ¢=AB. Clearly, any valid input
must satisfy the conditions 0<a,b and 0° <m/A < 180°. Is any further
condition necessary? If so, and you don’t check it at the onset, how might
your algorithm fail? Demonstrate your algorithm for the data sets

a b m/A
80 90 100°
90 80 100°
80 80 80°
30 60 30°
30 60 28°
28 60 28°

Solution. If /A is right or obtuse, it must be the largest angle, so a= BC
must be the longest edge, and the data must satisfy a > b. In that case,
there’s just one solution:

sinm/B _ sinm/A _ . bsinm/A
= m/B = arcsin ———=—
b a a
m/C=180°- m/A - m/B
c _ a _ asinm/C
sinm/C sinm/A sinm/A

If you tried to carry out this computation under the invalid condition
m/A > 90° and a < b —for example, with data set (1) —you'd get
(bla)sinm/A > sinm/A, so either the inverse sine would fail, or you'd
compute m/B > arcsinsinm/A = 180°- m/A and that would yield the
obvious error m/C < 0°. For data set (2), this computation yields

80 sin 100° .
9

m/B = aresin 61°

m/C=180°-100°- m/B = 19°

o= 90.sm m/C 30
sin 100°
From here on, suppose /A is acute. If a > b, there’s just one solution

and m/ZA > m/B. Thus /B must be acute, and the previous paragraph’s
procedure will yield the solution. For data set (3) it's

m/B = arcsin% = 80°
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m/C=180°-80°-80° =20°

_ 80sin 20°
sin 80°

~ 28.

Nowlet d=bsinm/A. If a=d, there’s just one solution: m/B=90°,
m/C=90°-m/A, and ¢=yb?-a?. Data set (4) satisfies this condition,
and

m/B =90°
m/C=90° - 30° =60°

¢ = /607 - 30* ~ b2,

If a>d, there are exactly two solutions. Note first that

sinm/B _ sinm/A

b a
Now let m, = arcsinw, so that m/B=m, <90° or m/B =
180°- m, >90° and a
m/C=180°-m/A - m/B
_ asinm/C
sinm/A
Data set (5) satisfies this condition, and
_ . 60sin 28°
m, =arcsin——m————
30
m/B=m, = 70° or 110° = 180°- m,
m/C=180°-28°-m/B = 82° or 42°
¢ =30smmiC g5 o g3
sin 28°

If you tried to carry out this computation under the invalid condition
m/A<90° and a<bsinm/A —for example, with data set (6) —you'd
get (b/a)sinm/A > 1, and the inverse sine function would fail. ¢

Exercise 23. Derive algebraically the formulas for tan(o + £) in terms
of tana and tan B, and the formula for tan 2« in terms of tan«. Derive
a formula for tan 2 o in terms of sino and cos o that doesn’t require a

+ sign.
Solution.

tan(a + ) = sin(a+f) _ sinacos f£cosasin

cos(axxf) cosacosf+sinasinf
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sinoccosﬂicosocsinﬂ sinocisinﬂ
_ cosacosf cosacosff _ cosa cosf
cosoacosﬂ;sinocsinﬂ I:MM
cosacos S cosacosf cos o cos [

tan o+ tan §
1+ tanatan g

_ tanoa+tano _ 2tanca
tan2a = =

l-tanoatano 1 - tanZa

. . sin% o
sing=2sin %2 ot cos Ve o = =—=-2-cos® Ve

cos Yo

_ sinl/zoc‘z_ 1+cosa
cos %z a 2
_SMe  _—ioneo. ¢
1+coso

Exercise 24. Show thatfor n=0,1,2, ... there’s a polynomial 7, of degree
n —called a Chebyshev polynomial—such that for all x, cosnx =
T, (cosx). Derive the recursion formula T, ,(y) =2yT (y) - T,..(¥).
Write out the formulas for T; to Ty, sketch their graphs, and describe their
roots, local extrema, and symmetry. What happens if you try something
like this for sinnx?

Solution. Define To(y) =1 and T,(y) =y for all y, so that
Ty (cosx) =cos(0x) and T (cosx)=cos(lx) forall x. Thus, the statement

¥ . there’s a polynomial T

P 'n Of degree m such that T,(cosx) =
cosmx forall x

is true for m =0,1. Now let n be an integer >1 and suppose #, is true

for all m < n. The following argument shows that %,,, is true also. First,
note that

cos(n+ 1)x+cos(n - 1x
= (cosnxcos x - sinnxsinx) + (cos nxcos x + sin nxsin x)
=2cosnxcosx

cos(n+1)x=2cosnxcosx -cos(n - Dx
=2T,(cosx)cosx - T, ,(cosx).

Now define T,,,(y)=2yT,(y) - T,_,(y), a polynomial of degree n + 1.
Clearly,

cos(n+ 1)x=T,,,(cosx).
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Therefore, %, istrue for m =n + 1. By recursion, it’s true for all m =
0,1,2,.... Finally,

To(y)=2yT\(y) - Ty(y)

=2y%-1

To(y)=2yTy(y) - Ty () =2y(2y* - 1) -y
=4y® - 3y

Ti(y)=2yTs(y) - To(y) =2y(4y® - 3y) - (2y* - 1)
=8y*-8y+1

Ty(»)=2yT,(y) - Ty(y) =2y(8y* - 8y*+1) - (4y° - 3y)
=16y° - 20y + 5y.

A more detailed look at this recursion shows that T, is even when n
is even and odd when n is odd.

For k=0,...,n -1 let x,=(*"%.) 7 and y,=cosx,. Then 0<
X< <X, < SO Y>>y, ,. Moreover, T,(y,) = cosnx, =
cos(k+Y)wr=0. Since T, has degree n, it has at most n roots: just
Yos--->Y,-1- The roots of its derivative T," lie between these values and
yield alternate local minimum and maximum values for 7.

For k=1,...,n-1 let w,="%. 7 and z,=cosw,. Then 0<w,<--
<w,,<w so z > >z _,. Moreover,

diTn(cos x) =T, (cosx)(-sinx)| _ w, = -T, ' (z,)sinw,
X x=wy
_d _ ~ _ : _
= — cosnx = -nsinnw, = -nsinkzr =0.
dx x=w,

Since 0 <w,< 7, sinw,#Z0, so T,'(z,) =0. The local extrema of T,
occur at zy,...,2,_;.

You could make a similar argument with sinx instead of cosx for odd
n, but not for even n, because you can'’t express sin(2nx) as a polynomial

in sinx. ¢

Exercise 25. Let r,, r,, and r, be the exradii of AABC; r and R, its
inradius and circumradius; 4 its area; s its semiperimeter; and h,,
h,, and h, be the lengths of its altitudes. Prove that

,r 11, t,.1 rr,ryr, = A*

r, T, T. r h, h, h,

r,tr,+r,= 4R+r r,ry + ryr,+r.r,=s.
Solution. By theorems 5.9.4, 3.8.9, Hero’s formula, and theorem 5.5.11,

i+i+i:sfa+sfb+sfc:33723 s
r r, T ya\ A4 ya\ ) A4

a c

~ =
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1., 1. 1_a b ¢ _s_1
hy, h, h, 24 24 24 A r
4
rrarbrczé 4 4 4 =A_:A2
ss-as-bs-c A2

rotrytr.-r

_ 4 A A A
= + +

s-a s-b s-c

s
s(s-b)(s-¢c)+s(s-c)(s-a)

iy ts(s-a)(s-b)-(s-a)(s-b)(s-¢)
- s(s-a)(s-b)(s-c)

_s(s-0)f(s-b)+(s-a)]+(s-a)(s-b)[s-(s-c)]
A

_s(s-c)ct(s-a)(s-b)c
A

£[32—cs+sz—as—bs+ab]=a—bc=4R.
A A

By the first equation displayed in this solution,

rbrc+rcra,+rarb

_1
rarul, r
r.r,r rr.r,r A2
_ ta'b'ec _ a'b'c _ _ .2
r,ry v ryr. .y, = . = 5 =_—=35°. ¢

r r

Exercise 26. Prove that the sum of the cosines of the measures of the angles
of a triangle equals 1 plus the ratio of its inradius to its circumradius.

Solution.” Use the standard notation with AABC. Let 4 be its area
and o=cos m/A + cos m/B + cos m/C. By the law of cosines,

_ —a2+b2+c2+a2—b2+c2+a2+b2—c2
2bc 2ca 2ab
_a(-a’+b%+c®)+b(a®>-b>+cH)+te(a®+b*-c?)

2abce )

Expand the numerator, arrange its terms in descending order of powers
of a, then b, then ¢, and divideitby a+b - ¢=2(s - ¢). You get quotient
-a’+2ab-b*+ci=c?-(a-b)

This solution is due to the author’s students Peter Kohn (Spring 1983) and Jayme Goodale
(Spring 1992).
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=(-atb+tec)la-b+ec)=4(s-a)(s-b)
and remainder 2abc. By Hero’s formula and theorems 5.5.11 and 5.9.4,

o= 4(s-a)(s-b)-2(s-c)+2abc

2abe
) ~ ~ 2
14 ds(s-a)(s-b)(s-¢c) _,, 44 L, 4
sabe sabe sabc
_ 14 abc_ 4 ST L R LR
R sabc Rs Rs R

Exercise 27 shows how to approximate sinl° accurately, using theorem
5.5.12 and values of sinl% ° and sin ¥4 ° computed via subtraction and
half angle formulas. Van der Waerden reports® that Aristarchus of Samos
first used this technique around 280 B.C. to approximate sin 3°. About A.D.
150 the Alexandrian astronomer Claudius Ptolemy employed it system-
atically to compute what amounts to a table of values sin@d for 0=
1°,2°,3°, .... The method should remind you of real analysis arguments.
That isn’t surprising, since theorem 5.5.12 is an important step in justifying
the formula for the derivative of the sine function.

Exercise 27, Part 1. Derive algebraic formulas for sin12° and sin %4°
and check them with your calculator.

Part 2. Show that sina - sinff = 2cosusinv, where u= "2 (a + )
and v="2(a - B).

Part 3. Suppose 0° < f<a<90°. Prove that

2cospusiny < OC_'Bsin,ﬁ.

Part 4. Combine parts (2) and (3) to show that when 0° < y<fg<a<90°,
B B

Lging <sinf < £ giny.
o
Part 5. Use o,f, y=1%°,1°,%° in part (4), with the values you
calculated in part (1), to estimate sin1°. What’s the maximum possible
error?

Solution, Part 1. Use sin30° = "2, c0s36° ="4(1+ /5 ) (see exercise
4.9.1), the Pythagorean identity, and the cosine difference and half angle
formulas to derive

coslz© = %\/2+%\/8+¢§+¢T+ 10 - 2¢/5 ~ 0.999657325

6 1963, Chapter VIL.
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cos¥a® = -liig?lzi-z 0.999914327.

Part 2. Use the sine addition and subtraction formulas and algebra.
Part 3. First, u> . Second, by theorem 5.5.12, sinv <(7/180°) v and
(7/180°) < tanf. Therefore,

2cospusiny <2cosfsinv <2(cosu)

v 2v_7f cos B
180° B 180°

< 2—; tanf cos f= 2—/; cosf= al;'gsinﬁ.

Part 4. From f<a and part (3) you get

sing - sinfg< a _'Bsinﬂ,

s

which entails £ since < sinf. The other inequality is proved analogously.
o

Part 5. With the suggested arguments «, £, and y, part (4) yields
0.017451298 =~ %3 sin12° < sin1° < %3 sin ¥4° = 0.017452794.
So sinl® = 0.017452 with error <107°°. ¢

Spherical trigonometry

The exercises under this heading complete the survey of spherical trigonometry
begun in the section 4.9 exercises. For a century, this material has been
a mathematical backwater. In most geometry texts, you could only find it
briefly mentioned as a contrast to the familiar plane Euclidean geometry.
Its practical aspects were confined to applications texts: astronomy, geodesy,
navigation. Its applications now reach into broader areas as we learn to
write software to recognize objects in a three-dimensional environment and
to control machines that move them about and/or display their images. These
exercises generally follow the treatment in Marcel Berger’s terse but pene-
trating monograph.”

Exercise 28, Part 1. Prove the law of sines for a spherical triangle
AABC:

sinm/A _ sinm/B _ sinm/C
sinm BC sinm CA sinmAB

7 Berger 1987, section 18.6.
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Part 2. Prove Menelaus’ theorem for a spherical AABC: If X, Y, Z are
points on the great circles containing BC,CA,AB, and X,Y,Z lieona
great circle, then

sinmAZ sinmBX sinmCY _
sinmZB sinmXC sinm YA
Solution, Part 1. Let O be the center of the sphere and ¢ be the plane
perpendicular to OBC through O and A. Let B’ be the point opposite
B on the sphere, and D be the intersection of £ with the great semicircle
BB’ that contains C. Consider spherical triangles AADB and AADC,
which both have m/D = 90°. By exercise 4.9.4, sinm/BsinmAB =

sinm AD =sinm/C sinmAC. This yields half the law of sines; the other
half follows similarly.

Part 2. Use the law of sines. The “Menelaus product” is
sinmAZ sinmBX sinmCY
sinm YA sinmZB sinmXC
sinm/AYZ sinm/BZX sinm/CXY
sinm/YZA sinm/ZXB sinm/XYC

_ sinm/AYZ sinm/BZX sinm/CXY _ 1-1-1=1. ¢
sinm/XYC sinm/YZA sinm/ZXB ’

1.

Exercise 28 suggests some questions that would make a good project of
larger scope. This form of Menelaus’ theorem doesn’t use “directed” arcs
as its plane form uses directed distances. All terms in the Menelaus product
are sines, so it comes out +1 instead of -1 as in the plane. Is it possible
to make such distinctions consistently on the sphere? Is there a converse
of this form of Menelaus’ theorem? Is there a spherical form of Ceva’s
theorem?

Exercise 29 is mainly a problem in visualization. Parts 1 and 2 require
careful reasoning about the sides of various planes. In part 2 you should
concentrate on the plane ¢ through O perpendicular to OB, and its inter-
sections with planes OAB and OBC. The only computation you need for
those parts is angle addition.

Exercise 29, Part 1. Consider a spherical triangle AABC on a sphere
2 with center O. The perpendicular to OBC through O intersects X at
two points. One lies on the same side of OBC as A; callit A’. Define
B’ and C’ similarly. Show that A’, B’, and C’ aren’t coplanar with
O. Thus they form a spherical AA'B’C’' called the polar triangle of
AABC. Show that AABC is in turn the polar triangle of AA'B’'C’.

Part 2. 1let o', b’, and ¢’ be the measures of the arcs of the polar triangle
opposite A’, B’, and C’. Show that
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a’'=180°-m/A m/A'=180°- a

and derive similar formulas for the measures of its other arcs and angles.
Part 3. Let a, b, and ¢ be the measures of the arcs of AABC opposite
A, B, and C. Show that

a<b+e m/A+m/B<m/C+ 180°
b<e+a m/B+m/C<m/A+ 180°
c<a+b m/C+m/A<m/B+ 180°.

a+b+e¢<360°

Part 4. Consider the following problem in more detail: For a vertex
V of the spherical triangle, which intersection of > with OV’ should be
called V'? Do parts (1) to (3) fail if you make one or more of these choices
differently? What if you set up a coordinate system with origin O, made
the sphere’s radius 1, and chose A'=Bx C, etc.?

Solution, Part 1. From the definitions of A’, B’ and C’,

OA’' 1 OB, OC A and A’ lie on the same side of OBC,
OB’ 1. OC, OA B and B’ lie on the same side of OCA,
OC' 1. OA, OB C and C' lie on the same side of OAB.

If A’, B', and C’ were coplanar with O, then OA’ 1 OA, OB, OC, so
A, B, and C would be coplanar with O —contradiction! Note that
OCA,OC'A’ L OBB’. Define

g =0OBB'n0OCA

g'=0BB'n OC'A".
Then g+ OB’, g’ L OB, and B and B’ lie on the same side of g in
OBB’. As shown in Figure 5.11S.5, B and B’ lie on the same side of g,
hence on the same side of OC’A’. It follows that B=(B')’. Similarly, C =
(C") and A=(A")".

Part 2. The plane ¢ 1 OB through O passes through A’ and C’. Figure
5.11S.6 depicts the case where /A'OC’ is acute; in figure 5.11S.7, it’s obtuse.
Letg=en OBC and k=¢n OAB, sothat g . OA’ and k1 OC’ Let
A* be any point of %k on the same side of OB in OAB as A, and C*
be any point of g on the same side of OB in OBC as C. Then A* and
C* lie on the same sidesof g and £ in £ as A" and C’. Now, /B belongs
to the dihedral angle formed by the A side of OB in OAB and the C
side of OB in OBC. Therefore, b’ =m/A’OC’ =

90° - m/C'OC* =90° - (mZA*OC* - 90°) in figure 5.11S.6, or
90° +m/C’'OC* =90° + (90° - m/A*OC¥*) in figure 5.11S.7.

Each of these equals 180°-m/B. If LA'OC’ is right, then you can take
A*¥=A" and C* =C’ and get the same result. Now apply it to the polar
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C*
o
B
@) B
0 A
A‘k
g g’ k
g
Figure 5.11S8.5 Figure 5.11S5.6
Exercise 29 solution, Exercise 29 solution,
Part (1): plane OBB’ Part (2): acute /A'OC’
o ¢
k
Figure 5.118.7 T
Exercise 29 solution, )
part (2): obtuse £A'OC’ 5 A

triangle to get b=>5"=180°- m/B’. You can derive the remaining results
similarly.

Part 3. Inequalities a<b+¢, b<c+a, and ¢c<a+ b are straightforward
elementary geometry exercises. Apply them to the polar triangle:

m/A+m/B=(180°-a') + (180°- b")
=360°- (a’' +b') <360°-c¢'=360°- (180°- m/C).
a+b+ec=(180°-m/A") + (180°- m/B’) + (180°- m/C")
=540°- (m/A' +m/B' + m/C') <540°- 180°.

Part 4. Not available. ¢

Exercise 30. Prove the cosine laws for a spherical triangle AABC: If
a, b, and ¢ are the measures of the arcs of AABC opposite A, B, and
C, then

cosa =cosbcosc +sinbsinccosm/A,
cosm/A=-cosm/Bcosm/C+sinm/Bsinm/C cosa.

Suggestion: Prove the first equation geometrically. You may have to consider
the case ¢ =90° separately. For the second, apply exercise 29.

17:26 30 Oct 99



84 SOME TRIANGLE AND CIRCLE GEOMETRY

Solution. Find the foot P of the perpendicular to OA, and the line
h L OA in OAB through P. Assume h is neither equal nor parallel to
OB; the opposite case is considered later. Then kA n OB is a point R,
m/CPR=m/A, and m/COR =a. Apply the plane law of cosines to ACPR
and ACOR:

(RCY=(PC)* +(PR)?* - 2(PC)(PR)? cosm/A
(RCY=(0C) + (OR)? - 2(0OC)(OR)?cos a.

Subtract these equations. Some algebra yields

cosa = 2@ + EﬁcosmzA

OC OR OC OR

=cosbcosc+sinbsinccosm/A,

the first form of the spherical law of cosines.

Now suppose & is equal or parallel to OB, so that ¢=90°. If h= OB,
then also b=90°, m/A=a, and the first form of the law holds. Assume
h # OB. Find the foot @ of the perpendicular from C to h. If @ =P,
then a =56 =90° and the desired equation holds. Assume @ # P. Find
the point R on OB so that OPQR is a rectangle. Then CQR L h, so
CQR L OB. Moreover,

sinb cosm/A =sinm/COA cos m/ CPQ

= (PC/OC)(OR/PC)=OR/0OC
=cosm/COB = cosa,

the desired equation.
To prove the second form of the law, apply the first form to the polar
triangle:

-cosm/A =cos(180°-a’) =cosa’
=cosb’ cosc’ + sinbd’ sinc’ cosm/ A’
=c0s(180°- m/B) cos(180°- m/C)
+sin(180°- m/B) sin(180°- m/C) cos(180°- a)
=(-cosm/B)(-cosm/C) + sinm/B sinm/C (-cosa)
=cosm/Bcosm/C -sinm/Bsinm/C cosa. ¢

Exercise 31. Imitate exercises 21 and 22 for spherical triangles. Include
discussions of SAA and AAA data, too.

Solution. Not available. ¢
Exercise 32, Part 1. From the following data, find the airline distances

from San Francisco to Bucharest and Christchurch. Assume that the earth
is a sphere with radius r = 3959 miles.
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City Latitude Longitude
San Francisco 37°46' N 122°25' W
Bucharest 44°25' N 26°07' E

Christchurch 43°33" S 172°40" E

How far have you been from home?

Part 2. Find the fraction of the earth’s area covered by the spherical
triangle formed by these cities. Describe the triangle by listing a few places
on or near each of its edges.

Solution, Part 1. With the North Pole N, San Francisco and Bucharest
form a spherical triangle ANSB with opposite arcs measuring n, s,
and b:

m/N =122°25" + 26°07' = 148°32’

s =90°- 44°25' = 45°35’

b =90°- 37°46' = 52°14’.
By the spherical law of cosines,

cosn =coss cosb + sins sinb cosm/N = -0.0530
n = 93.04°
airline distance from S to B =nzr/180° = 6428 miles.

With N, San Francisco and Christchurch form a spherical triangle ANSC
with opposite arcs measuring n, s, and c:

m/N =360°- (122°25" + 172°40") = 64°55'

s =90° +43°33’ =133°33’

c =90° - 37°46’ =52°14".
cosn=cosscosc+sinssinccosm/N = -0.1791

n = 100.32°
airline distance from S to C =nzr/180° = 6932 miles.

Part 2. With N, Bucharest and Christchurch form a spherical triangle
ANBC with opposite arcs measuring n, b, and c:

m/N=172°40" - 26°07" = 146°33’
b =90° + 43°33’ =133°33’
c =90°- 44°25' =45°35’

cosn =cosb cosc+sinb sinccosm/N = -0.9141
n = 156.08°
airline distance from B to C =nzr/180° 10785 miles.

Now consider the spherical triangle ABCS: from part (1),
b = 100.32° c= 93.04° s = 156.08°.
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By the spherical law of cosines,

m/B = arccos =25 b-cosscosc 124.2°,

sin s sin ¢

Similarly,
m/C = 122.9° m/S = 160.1°.

The area is then

m/B+m/C+m/8S 1 9
-liznr
180°

so the ratio is

100%(m1B+mZC+mZS 1

=~ 31.6%.
4 180°

The great circle route from Bucharest to Christchurch crosses the Black
Sea, passes near Yerevan, proceeds across the Caspian Sea and the Iranian
and Afghan deserts to Qandahar, crosses central Pakistan, passes near Nagpur
in central India, crosses the Bay of Bengal and the length of Sumatra, passes
near Jakarta, crosses the Timor Sea and the Australian desert, passes near
Canberra, and finally crosses the Tasman Sea to New Zealand’s South Island.

From Christchurch to San Francisco, you fly over water, passing over
the Cook Islands and crossing the equator near Christmas Island.

Returning from San Francisco to Bucharest, you pass over eastern Oregon,
near Calgary, over Canada’s Northwest Territories and Baffin Island, over
central Greenland and the Norwegian Sea, and pass near Oslo, Linkoping,
and Warsaw to Romania. ¢

Analytic geometry

In the section 4.10 exercises, you constructed a tool kit of analytic formulas
and methods corresponding to many synthetic techniques developed in chapter
3. You were asked to avoid vector cross products, but to use solutions of
linear systems instead.

Exercise 33. Restudy those tools now in the light of section 5.6, and employ
cross products and determinants where appropriate to streamline them.
(This is the main use of cross products: given vectors X and Y, to find
avector Z suchthat X-Z=0=Y-Z)

Solution. The suggested solutions to tasks 4, 10, and 14 in exercises 4.10.1
and 4.10.2 and to exercise 4.10.6, part 1, can be streamlined as follows.
Task 4. Points P, @, R are collinear just in case det[PQR]=0.
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Task 10. Distinct lines with equations X=A¢+ B and X=Ct+ D are
parallel just in case Ax C=0.

Task 14. Given intersecting lines g # h, find vectors A to C sothat g
and h have equations X=Aft+ C and X=Bt+ C. Then det[ABX] =
det[ABC] is a linear equation for the plane through g and h.

Exercise 4.10.6, part 1. The plane with parametric equations X =
At + Bu + C has linear equation det[ABX]=det[ABC]. ¢

Exercise 34. Extend as follows the tool kit that you revised in
exercise 33:

Task:
Given Determine or find

1.lines g and h, ............. their angle;

2.planes dand &, ............. their dihedral angle;

3. points P, @ notonplane &, ... whether P and @ lie on the same

side of ¢£;

4. points P, @ coplanar with . .... whether P and @ lie on the same
aline g but not on it, side of g in their plane;

5. noncollinear points P, @, R, ... area of APQR;

6. noncoplanar points P, @, R, S, . volume of tetrahedron PQRS.

Solution, Task 1. The angle between lines with parametric equations
X=At+C and X=Bt +D has the same measure as that between A and
B, namely

IAX B ‘
IATIB]

Task 2. The dihedral angle between planes with linear equations X-A =
¢ and X -B=c has the same measure as the angle between A and B,
which is the solution to task 1.

Task 3. Points P and @ lie on the same side of plane ABC just in case
det[P'A'B’'C'] and det|[| Q' A’ B’ C'] have the same sign, where columns
P’ to C' are formed from P to C by appending entries -1.

Task 4. Points P and @ coplanar with line AB lie on the same side
of it just in case det[ PAB] and det[ @ AB] have the same sign.

Task 5. aAPQR=":|(P-R)*x (@ - R)|.

Task 6. vPQRS ="s |det[P' @ R’ S']|, where columns P’ to S’ are
formed from P to S by appending entries -1. 4

csin

The next two exercises continue the program begun in exercise 2 to prove
the major theorems of this chapter analytically. Desargues’ theorem is harder
to handle than Menelaus’ or Ceva’s, even though it doesn’t involve directed
distances. Thus it’s placed by itself. The suggested analytic methods don’t
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favor any particular choice of coordinate system; their heavy reliance on
parametric equations and vector algebra makes that nearly irrelevant.

Exercise 35. Prove Menelaus’ and Ceva’s theorems analytically. First, show
that if XY is a directed line, T=tX+ (1 -¢)Y, and ¢ #0, then
XtoT _ 1-

TtoY t

Use fractions like this to formulate Menelaus’ product, and use the determi-
nant conditions in section 5.6 to indicate when three points are collinear
or three lines have a common point.

Solution. Use the coordinate system in figure 5.11.2. Verify the equation
for (XtoT)/(TtoY) by checkmg the signs of its numerator and denom-
inator. Now assign scalesto BC, CA, AB in order to use directed distances,
and select points S, T, U # A, B, C on them so that

5z jgigjgi (Ato DBt S)(CtoT) _1-s1-t1-u
U=uA+(1-u)B (UtoB)(Sto C)(T to A) s t u

for some s,f,u Z 0. Then Menelaus’ product, just displayed on the
right, equals -1 ifandonlyif s+¢t+u -st-tu-us=1; and S, T, and
U fall on a line just in case

O=det[S-UT-U]

~ det sxp-ux, - (1-wxg, A-tH)x,-ux, - 1-u)xy
1-8)yc tye

=(xy ~xg)ye(s+it+u-st-tu-us-1).

That yields Menelaus’ theorem.
Lines AS, BT, and CU have x, y equations

Vel - 8)x+ (2, - %38)y - yexu(1 ~5) =0
Yetx+ (xp — x4 +x,)y — x5yct =0
Yex+(ux, —uxg+xp)y - yo(ux, —uxg+xz)=0

so they’re copencilar just in case

Yol -s) X4~ XpS ~yexa(1-s)
0 =det Yot Xp— X4 +x,t “XpYot
Yo ux, -uxg+xp -yo(ux, - uxp+xg)

=-yi(xq 2?1 -s-t-u+st+tu+us-2stu).
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But Menelaus’ product equals +1 justin case
1-s-t-u+st+iutus-2stu=0.

That yields Ceva’s theorem. ¢

Exercise 36. Prove Desargues’ theorem analytically.

Solution. The concurrent case in figure 5.3.1 is proved here. You can
provide a proof for the parallel case. Choose an x,y coordinate system with
origin O. Then

A'=uA B'=vB C'=wC

for some nonzero scalars u,v,w. Next,
L =B+x(C-B)=B'+x'(C'-B")
M=C+y(A-C)=C"+y'(A" -C")
N=A+z(B-A)=A"+z'(B' -A")

for some scalars x,v,z,x", y’,2’. The preceding nine equations yield
L=(1-x)B+xC=v (1-x")B+wx'C
M=(1-y)C+yA=w(l-y")C+uy'A
N=(1-2z)A+zB=u(l1-2"YA+vz'B.

This L equation entails
[Q-%)-v@-x")]B+[x-wx']C=0.

If one of these coefficients of B and C were nonzero, then one of B and
C would be a scalar multiple of the other, so B and C would be collinear
with O, which isn’t the case. You can argue similarly with the M and
N equations, and get

1-x=v(l1-x" x=wx'
1-y=w( -y y=uy'
l-z=u(l-2") z=vz'

These six equations yield

_ ., uv-1 _ . 1-w
= l-x=v
v-w v-w
_ . ow-1 _ 1-u
y=u l-y=w
w-u w-u
2=yl 1-z= 12V
u-v u-v
L=(1-x)B +xC=v1¥W B+ t1l¢
v-w v-w
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M= y)CH+yA= wi % c+y W1y

w-u w-u
N=(1 2)A +zB=u1"Va+,%1p
u-v u-v

(v-w)L =v(1-w)B+w(v -1)C
(w-uM=w(l-u)C+u(w-1A
(u-v)N=u(l-v)A+v(u -1)B
1-wyw-w)L-@w-D(w-u)M
=(1-wv(l-w)B-(w-u(w-1)A
=-(1-w)(u-v)N
y=Q-ww-w) ;, A-wu-v
(v-1)(w-u) (v-1)(w-u)

A-ww-w)  A-w)w-v) _ 1
(v-Dw-u) (w-1)(w-u)

Thus L, M, and N are collinear. (If v= 1, ﬁthen B=B'=L=N and
the result still holds. If w=u, then CA J C’'A’, which is not so.) ¢

In exercise 2, you worked through analytic proofs of the edge bisectors,
altitudes, and medians theorems, but not the angle bisectors theorem. It
doesn’t yield easily to analytic methods, mainly because the formulas for
the slopes of the bisectors are too complicated. The problem is posed here,
with the suggestion that you use algebra software to carry out, or at least
verify, the tedious calculations. For this work and exercise 38, the author
used the weakest such package available at the time.® It was able to carry
out the computations, but only barely. Learning how to control it, though,
led to a deeper understanding of the algebra. You have to know algebra
very well in order to use algebra software effectively.

Exercise 37. Prove the angle bisectors theorem analytically, by the method
of exercise 2.

Solutton. Use the coordinate system in figure 5.11.2. First,

x . y
cosm/A=- A sinm/A= —¢
2 2 2 2
Xstye VX4 tYe
x . y
cosm/B= —"8 __ sinm/B=—"¢ |
2 2 2 2
Xptye VXt e
8 Derive 1989—.
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Next, the slopes of the /A and /B bisectors are

2., 2
_ x,tyx+
tan Ve m/ A = l-cosm/A _ XaT{¥4T)Vc

sin m/A Yo
2, 2

“tanYem/B=-L-cosmiB __ ‘/m “*p
sin m/B Yo

Thus the /A and /B bisectors have equations

2 2 2 2
_ Xty xytye Xp~{¥ptye (x - x,)
-_— -_— B -

y= (x - x4) y=
Ye Ye

Equating their right-hand sides, you can solve for
2 2 2 2 2 2
= Y4B T XXy T Vet XY XpT e
2, 2 2, 2
X4 xgt \/xA tyet \/xB+yC

Multiply the top and bottom of this fraction by

2, ¢ 2. 2
xA’xB’\/xA"'yc *\/xB"'yc-

Expanding and simplifying the bottom, you get

2 2, 2 [2_ 2
foAxBnyCfZ\/xA+yC \/xB+yC.

Now multiply the top and bottom by

2 2, 2 [2_ 2
foAxBnyC+2\/xA+yC \/xB+yC.

Expanding and simplifying the top and bottom, you get

2 2. 2 T, 2
_ -2y (x, - xp)* (xA+xB+‘/xA+yc - \/xB+yc)

—4yé(xA—xB)2

2 2 2 2
_ xA+xB+‘/xA+yC_‘/‘xB+yC
> .

The /A and /B bisectors meet at point I=<x, y>. Next, use vectors

CA=A- C=<ux,, yc>
C{ =1 -C=<x,y ~yc>
CB=B - C=<uxg, yc>

to determine
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xAx’yc(y *yc)

cosm/ACI =
m 2+ (y-yo)?
cosm/ BCI = xpx =Yy -v¢)

2, 2 '
Jag+ye 22+ (v -ye)
To show that I lies on the /C bisector, you must verify that

xAx_yc(y _yc) _ xBx_yc(y _yc)

2. 2 2. 2
VX4 tYe VXptYe

Substitute for the left- and right-hand occurrences of y the right-hand sides
of the equations for the /A and /B bisectors, expand, and simplify each
side of the resulting equation separately. You'll see that the desired equation
is equivalent to

(xi+ye - (o -xy) = Jxp+ o+ (x - xp).

But that’s in turn equivalent to

2 2 2 2
xA+xB+‘/xA+yC_‘/xB+yC
2 b

which was verified earlier. ¢

X =

Exercise 38. This final exercise leads you through an analytic proof that
the incircle of AABC is internally tangent to the Feuerbach circle. It proceeds
somewhat like Feuerbach’s published proof (1822). But you're encouraged
to employ algebra software to confront the calculations directly, instead of
Feuerbach’s devices to limit their complexity.

Suggestion: Use the coordinate system in figure 5.11.2, with

A=<x,,0> B=<x,0> C=<0,y.>
x, <0 x>0 ye>0.

Use the standard abbreviations a for BC=/x;+y; and b for CA= y yotx;
in your computations, and replace a® and b* by x;+yZ and yZ+x; as
appropriate. By introducing variables a and b in addition to x,, x5, and
Yo, you minimize the role of square roots. You can apply polynomial algebra,
and your polynomials will be linear in a and b.

First, compute the inradius r of AABC and the coordinates of its incenter
I asin exercises 1, 2, and 37. Second, find the circumradius R of AABC
via one of the equations derived in this chapter. Since the medial triangle
AA'B'C’ is similar to AABC with ratio %2, its circumradius R’ =% R.
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Third, compute the coordinates of the circumcenter O’ of the medial triangle.
Fourth, show that Feuerbach’s result is implied by the equation (IO’)? =
(r - R")%. Finally, rewrite this equation as p(x,,x, %, a, b) =0, where
p is a sixth-degree homogeneous polynomial. You may then use algebra
software to compute the coefficients of p —the author’s polynomial had
168 terms—and verify that they’re all zero.

Solution. To find the inradius r of AABC, use the fact that its area

1s r times its semiperimeter:
Voe(xg — x4)ye=71""Ve(xp - x, +a+0b)
(xp-x4)Yc
Xp-x,+ta+b

The incenter I = <x;, y,> is the point on the /A bisector with y,=r.
To find x;, first calculate the bisector’s slope

Xa
T +b
_ x
tan % m/A = 1 .cosmzAz b _ % ‘
sinm/A Yo Ye
b
Thus the equation is
x,+tb
=4 (x-x4)
Ye
and you can set y =r and solve for x = x;:
r
X;=%x,4+ Yo .
x,+b

According to the law of sines, the ratio of the length of an edge of AABC
to the sine of the measure of the opposite angle is its circumdiameter
2R. Therefore,

R'=%R="(2R) = —9 _=_a -, b
4sinm/A 4yc 4y
b

The edge midpoints of AABC are

A =<V xp, Ve yo>
B' =< x,,2y.>
C'=<Va(x,+ x3),0>.

The perpendicular bisector of edge A'B’ of the medial triangle has equation

x="2(Vax,+ V2 x5)="a(x,+ xz)
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L/ Figure 5.115.8

Internally tangent circles
I ®d with centers 1,0’
and radii r,R’, where
r<R' and IO'= R'-r.

and its circumcenter O’ =<x,.,y,.> is the point on this line equidistant
from B’ and C’. To find y,., solve the equation

[xo - V22, 1*+ [0 = V2 yc]? =20~ V2 (x4+x5)1*+ [0 - 017,
and get

2

_ Xatxp _ Yo T*a%p

xO:—T yO,—T.
C

To prove that circles I and & with centers I and O’ and radii r and
R’ areinternally tangent, as in figure 5.11S5.8, it’s clearly sufficient to show
that IO’ = |r - R’|, which is equivalent to (IO")*=(r - R")%.

Since y;=r, this amounts to

(x; - %) +(r o) =(r - R')?
(x;- %) - 2ryo +y5 =-2rR'+ R"
(x7 - %) =27(y0 - R') - (y5 - R"?)
(%7 = %) =(2r - 90 - R")(y0 - R"),
where x;, %o, Yo, r and R’ are given by earlier formulas.
Using algebra software, compute

36xA3xBab +oeee st 10x§yé

=4,
16(xz-x,+a+b)?(x,+b)”

2
(x[ *xo') =

8x,ab+--+8x y2
(27‘—yor—RI)(y0:—R’)= A B C:p
16(xz - x,+a+b)

The numerators are homogeneous polynomials in x,, x5, y., @, and b
with 31 and 14 terms. The desired equation A = p holds just in case

(Numerator of 1) - (xz - x4 + @ + b)(x, + b)* (Numerator of p)=0.

This polynomial has 4 x 3 x 14 = 168 terms. Use algebra software to verify
that it’s zero. ¢
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You may want to continue exercise 38 as a project: Prove that the excircles
are externally tangent to the Feuerbach circle, and investigate the devices
Feuerbach used to manage the algebra.
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Section

6.11

Solutions

fo exercises on
plane isometries
and similarities

Concepts
Curved mirrors
Classifying isometries defined as compositions or by equations
Constructions with isometries and similarities
Billiards and dual billiards problems
Equations of reflections
Determining equations of isometries and similarities
Coordinate transformations
Alias and alibi interpretations of equations
Reflection calculus
Distance-preserving functions
Dilatations

This section contains forty-five exercises related to earlier parts of the chapter.
Like other exercises in this book, they’re essential components of its develop-
ment. A few—for example, exercises 1, 5, and 12—provide more experience

97
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with reasoning techniques introduced earlier. Others, particularly those
on the classification and the equations of isometries, show you how to do
the computations required to use the theorems derived in the text. The theory
is streamlined into an efficient outline of the results important for applica-
tions. But those computations seem unwieldy at first. That would obscure
the main points of the theory, so the computations are clustered here. Some
may require awkward matrix arithmetic. There was no effort to avoid that.
If you find a calculation too tedious, use mathematical software.

This chapter’s theory is often applied to analytic geometry problems. That
work usually has a different flavor because it uses coordinate transformations.
Those apply to the numbers used to locate points, not to the points themselves,
like geometric transformations here. Exercise 31 shows how to make the
transition. A few exercises introduce topics that could be developed much
further. Those on reflection calculus, and on dilatations, for example, lead
into deep studies in foundations of geometry. Chapter 7 extends the theory
of isometries and similarities to three dimensions. Most of the exercises
in this section can be extended as well. You'll see that in section 7.7.

Basic exercises

Exercises 1 and 2 present some important properties that apply to transforma-
tions in general, not just those in geometry. For instance, exercise 2, part
1, asks what you can say about functions ¢ and y whose composition is
surjective, and what you can not say, in general. To show that you can not
claim that @ or y has some property &, you must provide a counter-
example: specific functions whose composition is surjective, but for which
& is not true. Searching for counterexamples for exercise 2, you should
concentrate on functions whose domains and ranges are very small finite
sets. You won’t need more than that to make the required properties fail,
and you'll avoid confusion by other phenomena that are really irrelevant.
That kind of reasoning may seem nongeometric to you, but no—those tiny
counterexamples are always contained in the larger ones that may seem
closer to geometry, and they're much easier to understand.

Exercise 1. Prove that two self-inverse transformations of a set D com-
mute if and only if their composition is self-inverse.

Solution. Consider self-inverse transformations ¢ and . If py=

Yo, then (py) (o) = (o) (o) = p(YP)9 = @i,0 = @@ =1y, so QY
is self-inverse. If @y is self-inverse, then @@y =1,, hence pyp=y ' =

¥, hence pyr=yo'=yp. ¢

! X(Plore) (Meredith 1993) is a good choice.
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Exercise 2. Consider functions ¢ :S-T and y:D- S, sothat ¢y:D-T.
Part 1. Prove thatif ¢y issurjective, then ¢ must be surjective. Find
an example where @y is surjective, but y is neither surjective nor injective.
Part 2. Prove thatif ¢y isinjective, then y must be injective. Find
an example where @y isinjective, but ¢ is neither injective nor surjective.
Part 3. Prove thatif ¢y is bijective, then ¢ must be surjective and
x injective. Find an example where ¢y is bijective, but neither ¢ nor

¥ 1s.

Solution. Counterexamples are depicted at right. T S D
Eachofthe sets T', S, and D has one or two elements, o o
represented by small circles aligned vertically. OZ{O‘{ o

Part 1. If ze T, then t = ¢@y(x) for some xe€ D
because ¢y is surjective, so t = @(y(x)). 0/0

Part 2. If x,,x, € D and x, #Zx,, then ¢y(x) 7 0+0%+0
@y(x,) because @y is injective, so @(y(x,)) #
p(x(x3)), so y(x;)# x(x,). /O

Part 3. This statement follows from parts (1) and o+o0+o0
(2). ¢ 0

Exercises 3 and 4 present some fundamental facts about linear functions.
It wasn’t necessary to state them in the text of chapter 6 or 7 because all
linear functions considered there are isometries or similarities, and for those
function classes these facts are evident. Had chapter 6 introduced isometries
through their equations, however, the results in these exercises would have
been incorporated in the text before that point. To prove them, use appendix
C material about Gauss elimination, matrix invertibility, and determinants.

Exercise 3. Consider a matrix A, a vector B, and the linear function
X~ AX+ B that maps R" toitself, where n =2 or 3. Show that these
conditions are equivalent:

(a) A isinvertible, (¢) X~ AX+ B isinjective,
(b) X~ AX+ B is bijective, (d) X~ AX+ B is surjective.

Solution. If A is invertible, then Y =AX + B if and only if X =
A (Y - B), so X~ AX+ B is bijective; thus (a) implies (b). Clearly
(b)implies (¢) and (d). Conversely, if A is not invertible, then by appendix
C there exist distinct vectors X, and X, such that AX, =AX, =0, so
AX,+B=AX,+ B, so X~ AX+ B is not injective. Thus not-(a) implies
not-(c), so (¢) implies (a), and (a) to (¢) are equivalent.

Finally, suppose X~ AX + B is surjective. Then for k=1 to n there
exists X, suchthat AX,+ B=1I,+ B, where I, is the kth column of
the identity matrix I. Thus AX, =1, foreach k, so AM=1, where M
is the matrix with columns X, to X,. It follows that det A det M =
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det AM=detI=1, so det AZ0, hence A isinvertible. Thus (d) implies
(a), so they're equivalent, too. ¢

Exercise 4. Let n =2 or 3. Show that the range of a linear function
X~ AX + B that maps R" to itself is a point, line, plane, or the entire
space. In which casesis ¢ bijective? Suggestion: First consider the function
. X~ AX.

Solution. For k=1 to n let I, be the point with coordinate 1 on the
kth axis. Then AX=A(x, I, +- +x,[)=x, AL+ +x,Al foreach
point X=<x,,...,x,> If AIL,=--=AI =0, then AX=0 forall X,
and the range of ¢ consists of O alone.

Suppose AI, # O for some k. If AI,,...,Al, all fall on a line g
through O, then x,AI,...,x,AI, all fall on g, hence so does AX.
Conversely, if P isapointon g, then P=tAI,=A(tl,) for some scalar
t, so P liesin the range of ¢. That is, the range is exactly the set g.

Suppose O, AL, and AI, are noncollinear for some j and k. If
Al,...,Al, all fall on a plane & through O, then x,A4I,...,x,Al,
all fall on &£, hence so does AX. Conversely, if P is a point on &, then
P=tAL +uAl,=A(tI;+ ul,) for some scalars ¢ and u, so P liesin
the range of ¢. That is, the range is exactly the set & (the entire plane
if n=2).

Suppose O, Al,...,Al, are noncoplanar (so n =3). If P is any
point, then P=¢ Al +t, AL +t,; AL =A(t, 1, +t, 1, +t,1;) for some sca-
lars ¢,, t,, and t;, so P liesin the range of ¢. That is, the range of ¢
is the entire space.

The range of X~ AX+ B consists of all vectors of the form P+ B, where
P lies in the range of ¢. Soit’s the point B, a line, a plane (the entire plane
if n=2), or the entire space.

According to exercise 3, ¢ is bijective when n =2 and its range is the
entire plane, or when n =3 and its range is the entire space. ¢

Theorem 6.6.3 shows that you can map any triangle onto any congruent
one with an isometry; the uniqueness theorem, corollary 6.2.8, says that
you can do that in only one way. The latter statement requires you to regard
a triangle as an ordered triple of vertices. You'd lose the uniqueness if you
defined a triangle as a mere set of vertices or as its boundary—the union
of its edges—for there are several isometries that map the set of vertices
and the boundary of an equilateral triangle onto themselves. You'll see much
more detail on these considerations in chapter 8. In exercise 5 you can study
the same question for a simpler example, a segment. As defined in section
3.2, a segment is the set of points between its vertices, not an ordered pair
of vertices.
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Exercise 5. Show thatif 2 and 7 are segments of the same length, then
there’s a rotation p such that p[2] = 7. Could there be another isometry
¢ such that ¢[2] =77 Could there be another rotation?

Solution. Let *= AB and 7= CD. Let g be the line containing 7,
O be its midpoint, and A& be its perpendicular bisector. By lemma 6.6.2
there’s an isometry y such that C= y(A) and D= y(B); moreover y=
1, or y= g, for some line k, or y isarotation, or y is a translation. In
the first and third cases, let p = . In the second, let /=g or h, which-
ever isn’t parallel to k2, and let p = g,0,. In the last case, ABDC is a
parallelogram; let p be the half turn about its center.

If p is arotation that maps X onto 7, then og,p0, 0,p, and g,p are
three more isometries that map 2 onto 7, and they're all distinct. That’s
all there are. For if an isometry ¢ maps X onto 2, then @p ' maps 7°
onto itself, so it can only be i, ¢,, 0,, or g,. Unless p is a half turn,
O,p 1s a rotation. ¢

At the beginning of section 6.3 you saw how to find the shortest path from
one point to another via a point on a mirror line g by reflecting one of the
points across g. And you saw how this relationship corresponds to the equality
of incidence and reflection angles. Exercise 6 shows that the relationship
holds for a smoothly curved mirror as well. You need differential calculus
to work with the curve.

Exercise 6. Consider a smooth curve I" and points A and B noton [
(See figure 6.11.1.) Suppose point O lieson I’ and

AO+0OB<AX+XB

for every point X on I Let g be the tangent to 1" at O and select points
U and V on g such that U-O-V. Prove that /UOA = /VOB. Sugges-
tion: Use a coordinate system with first axis g and origin O. Since I’
is smooth, there’s a differentiable function f on an open interval .# containing
0 such that for any x, € 4, apoint X =<x,,x,> lieson " justin case

Xy =[(%1).

Figure 6.11.1

Exercise 6 %, = f(x,)
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Solution. Let A =<a,,a,> B=<b,, b,> and consider the function

d(x)) = AX+BX = [(x; - a,)*+ (xy - ap)? + [ (x; — b)*+ (3, — by)? .

Then 0=d'(0) since d(x,) is minimum when x; = 0. That yields
cosm/UOA - cosm/VOB

-a,

-b
+ - =0.4

JEa)?H(-ay)? (b)) +(-b,)?

The next exercise invites you to use a technique from section 6.3 to
derive Fagnano’s theorem, a morsel of triangle geometry mentioned in
section 5.8.

Exercise 7. Show that of all triangles with vertices X, Y, and Z on the
edges of an acute AABC, the orthic triangle has the shortest perimeter.
Suggestion: Show first that for a given X on BC the shortest XY+ YZ +
ZX is 0,3(X)0:(X) =2(AX)sinm/A.

Solution. The perimeter p(X)=ZX+ XY+ YZ is shortest when g, (X),
0,5(X), Y, and Z fallonaline. Then p(X) is the base of isosceles triangle
Ao, (X)A o, (X), whose opposite angle has measure 2m/A, and whose
other edges have length AX. Thisimplies p(X)=2(AX)sinm/A, which
is minimized when X is closest to A —that is, when X is the foot of the
altitude through A. Similarly, Y and Z must be the feet of the other
altitudes.” ¢

Classifying isometries

Most exercises under this heading ask you to classify an isometry. That
means decide whether it’s the identity or one of these types of isometries,
and provide the information in the right-hand column:

Fora provide

reflection axis

translation vector

rotation center and an angle parameter
glide reflection axis and vector.

Exercises 8 and 9 are aperitifs—you’ll use this classification to verify some
properties of isometries in general.

2 This solution is due to Leopold Fejér. See Rademacher and Toeplitz [1933] 1957, sec-
tions 5—6.
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Exercise 8. Show that anisometry ¢ isevenifand only if ¢ = yy for some
isometry y.

Solution. Clearly, yy is even. On the other hand, an even isometry
@ 1is a translation with vector V or a rotation with angle parameter @ #
0°. Inthe first case, let y be the translation with vector % V. In the second,
let y be the rotation about the same center with angle parameter 2 6.
In either case, ¢p=yy. ¢

Exercise 9. Show that every plane isometry is the composition of two self-
inverse isometries.

Solution. Rotations and translations are compositions of two line
reflections. If ¢ is a glide reflection with axis g, then ¢= 0,7 for some
translation 7 with vector parallel to g. Therefore, 7= 0,0, for some points
O and P on g, so ¢ = 0,0,0,= 0,0p, where h is the perpendicular to
g through O. ¢

Exercise 10. Prove a result like theorem 6.9.3 by continuing the proofs of
corollaries 6.5.7 and 6.5.8 and analyzing the angles formed by the lines
mentioned there, without referring to any equations of transformations.
Suggestion: Be careful about the signs of the angle parameters. You don’t
need to get precisely the same result as the theorem. It was postponed from
section 6.5 to section 6.9 because consistent assignment of angle parameters
for different centers is so hard to describe.

Solution. Composing a rotation and a translation, consider corresponding
angles formed by parallel lines and a transversal. For two rotations consider
an exterior angle of a triangle. ¢

Exercise 11 presents a nearly obvious result that you may use in several
later exercises to find the axis of a glide reflection.

Exercise 11. Show that the axis of a glide reflection ¢ : X ~ X' consists
of the midpoints of all segments XX'.

Solution. Clearly, all such midpoints lie on the axis. Conversely, if
¢ has vector V and axis g and M lieson g, then X=M - oV
lieson g, X'=X+V, and M is the midpoint of XX'. ¢

Exercise 12. Construct a table analogous to the one following corollary 6.9.2,
to show the possible sets of lines that are fixed by the various isometries.
A fixed line might or might not consist entirely of fixed points. Lines that
do are called pointwise fixed. What isometries have pointwise fixed lines?
What isometries have fixed lines, no point of which is fixed?
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Solution.

Class Isometry Fixed line set

(0) 1 all lines

ey g, {h:h=gor hi.g}
(2a) 7, with VZO {h:h 1OV}

(2b") p, with € mod 360° #0°, 180° empty

(2¢) o, {h:0o0n h}

(3) o,vy with V# O {g}

The fixed lines of class (0) and the fixed line g in Class (1) are the only
pointwise fixed lines. All fixed lines except those of classes (2a) and (3)
contain fixed points. ¢

The remaining exercises under this heading and some later ones require
you to classify various isometries according to the scheme presented earlier.
The main tools available are their fixpoints and parity—discussed in earlier
sections—and exercises 11 and 12. Use those tools!

Exercise 13. Let V|V, -V, be a convex polygon and 8,, 6,,..., 8, be
the measures of the corresponding vertex angles. At each vertex V, draw
arc A;B; with measure 6, and radius V,A; = V. B, small enough that no
two of these arcs intersect. (See figure 6.11.2 for an example with n =4.)
Consider translations

7, with vector B, A,

7, with vector B;A3

7, with vector B;A1

and for i=1,...,n consider rotation p; with center V, and angle parameter
6i . ClaSSify the isometry Tn pn, Tn -1 pn, -1 Tl pl ‘3

Figure 6.11.2
Exercise 13

3 This exercise is due to Lawrence Levy (1970, 32).
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Solution. The composition ¢ iseven and fixes A,, soit’s a rotation about
A, with angle parameter
n= (61 +oe 6)%1 + 67L> Il’lOd 360°
=(180°n - 360°) mod 360° = (180°n) mod 360°

This is 0°if n iseven, or 180° ifit’'s odd. Thus ¢ =1 if n iseven and
9= 0, if n isodd. ¢

Exercise 14. Classify the composition of glide reflections with perpendicular
axes g and h and vectors V and W.

Solution. Lines g and h meetatapoint O. Let P=0+ %V, @@=
O-%W,and R=0+%V - W, sothat POQR is a rectangle and the
glide reflections are ¢ = 70, = 0,0,0, and y = 0,7y = 0,0,0,. Then

Py = 0p0,0,0,0,0y= Op0y0,0,0,y= Op0y0y = Op .= Op. ¢

Exercise 15. Classify the compositions of the reflection across the first
coordinate axis and the translation with vector <1,2>, in both orders.

Solution. Consider the first coordinate axis h, the origin O, the points
U=<1,0>, V=<0,1>, and let W=<1,2>. By theorem 6.7.2, ¢ =
Ty 0, is a glide reflection. Since @(O)=W and @(U)=U+ W, the points
VoW and Y2 (U+ U+ W)=U+ /=W lie on its axis. The axis is there-
fore the line x,=1. Since ¢(V)=-V+ W, ¢ hasvector W-2V=U.
Similarly, y = 0,7y is a glide reflection. Since y(0O)=U -2V and
y(U)=2U -2V, the points 2U -V and % U - V lie on its axis. The
axis is therefore the line x, = -1. Since y(-V)=U -V, x has vector
U-V-(-V)y=U.+

Exercise 16. Let a, b, and ¢ denote the lines containing the edges opposite
vertices A, B, and C of AABC. Let D, E, and F denote the feet of
the corresponding altitudes. Show that D and F lie on the axis of ¢ =
0,0,0,. Classify ¢ when

(a) m/A=m/B=60° (¢) m/A=m/C=45°
(b) m/A=m/B=45° (d) m/A=30° and m/C=90°.

Solution. By theorem 6.7.2, ¢: X~ X' is a glide reflection. A lies on
b and ¢, so A’ = g,0,0(A)=0,0,(A)=0g,(A), and by exercise 11, the
midpoint D of AA’ lies on the axis g. Moreover, ¢ ' = g,0,0; is a glide
reflection with the same axis, so by the same argument, F lieson g. This
result describes the axes for examples (a) to (d). Their vectors are FF' =

(a) 1.5AC (c) AC
(b) 2FC (d) 2FC. ¢
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Constructions

Following a more traditional approach to geometry, you'd have paid more
attention to constructing the objects under study—rprobably with tools limited
to straightedge and compasses. In fact, Euclid’s axiomatization is sometimes
viewed as a study of just those constructions, rather than of the space in
which we live. This text has avoided them because they’re no longer in the
mathematical mainstream. The next seven exercises, however, merge trans-
formational geometry into the older stream.* Each can be solved by traditional
methods with no reference to transformations, but the isometries and similar-
ities you've studied in this chapter shed more light on them. And if you seek
the simplest constructions with straightedge and compasses, transformations
may point the way.

Exercise 17. Suppose you want to carom ball A off the back, right, and
front walls g, h, and k of a billiards table, to strike ball B, as in figure
6.11.3. How do you find the point P on g at which you must aim?
Suggestion: Try more modest coups first.

Solution. Find B, = 0,(B), B, = 0,0,(B), and B;= 0,0,0,(B), and
let P be the intersection of g with AB First, A w111 strike g at P,
and rebound along ¢, [AB ] = PB Next it will strike h at a point @
and rebound along ah[PB 1= QB Then it will strike % at a point R
and rebound along o,[ QB ] = RB. Therefore it will strike B. ¢

Exercise 18. Consider nonparallel lines g # h and three points P, @,
and R. Find a three-segment path beginning on g and ending on A, such
that P, @, and R are the midpoints of its segments. Can there be more
than one such path? Whatif g=h or g /7 h?

Solution. Let S be the ending point on A . The start of the third segment,
and the end of the second, is 0;(S), which must lie on oy[h]. The start
of the second segment, and the end of the first, is 0y0;(S), which must

A Figure 6.11.3
B Exercise 17

k

4 Several exercises under this heading are due to Max Jeger [1964] 1966.
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lie on g,0z[h]. The start of the first segmentis O = 0,0,0;(S), which
must lie on k= g,0,03[h]. Thus O mustlieon kng. Since k /h, there’s
exactly one such path unless g=h or g /h. In this exceptional case there’s
no pathif £/ h; if R=h, you can choose any point O on g. ¢

Did your solution of exercise 17 require that the table be rectangular?
Probably not. Could you extend it to apply to a convex polygonal table with
any number of edges? Probably so—you can buy or build novelty bil-
liards games like that. Exercise 18 didn’t place any limitations on points
P, @, and R. Can you extend it to apply to any number of points? Exercises
34 and 35 consider closed polygonal paths of this sort.

Exercise 19. Consider two circles on the same side of line g. Find a point
P on g such that tangents through P to the circles make equal angles with
g. How many such points are there? Suggestion: Reflect one of the circles
across g, asin figure 6.11.4.

Solution. Call one circle I', the other 4, andlet 4’ =g,[4]. P can be
the intersection of g with any of the four common tangents to I and 4. ¢

Exercise 20. Consider two points A and B on the same side of line g.
Find points O, P, and @ on g such that 2m/OPA =m/QPB. Sug-
gestion: Consider exercise 19.

Solution. Let I' be the circle with center A tangent to g, B' =
ag(Bz, and h be the tangent to I” through B’ that lies on the same side
of AB' as B (either tangent if B, B’ and A are collinear). Let P be
the intersection of g and h. ¢

Exercise 21. Consider a point P and concentric circles 1" and 4. Look
for points @ and R on I and 4 such that APQR is equilateral. Under
what condition on P, I, and A4 is a solution possible? How many solutions
can there be? Suggestion: On which fwo circles must @ lie?

Figure 6.11.4
Exercise 19 O
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Solution. R=p(Q) or p*(Q), where p is a rotation about P with
angle parameter 60°. Thus R lieson 4 andon p[I'] or p'[I’]. Each
of the latter circles could intersect 4 twice, once, or not at all. The number
of intersections is the number of solutions. ¢

Exercise 22. Given AABC with m/A <90°, find points C, and C, on
the edge opposite C and points A, and B, on the edges opposite A and
B such that A,B,C,C, is a rectangle and C,C, =2(B,C,).

Solution. Select any point B; interior to the edge opposite B, and let
C, be the foot of the perpendicular from B; to the edge line ¢ opposite
C. Find the point C, on ¢ such that A-C;-C, and C|C; = 2(B,C)).
Find the point A| such that A'B;C,C, is a rectangle. Let g be the line
through A and A!. Find the intersection A, of g with the edge oppo-
site A. Pass h /¢ through A,. Find the intersection B; of h with the
edge opposite B. Finally, find the feet C, and C, of the perpendiculars
to ¢ through B, and A,. ¢

Exercise 23. Consider a point B, two circles I" and 4, and any number
t>0. Find points C and D on I" and 4 such that C-B-D and BC/BD =
t. How many solutions could there be? Describe, as completely as you can,
the set & of points B for which a solution is possible. Suggestions: On
which two circles must C lie? Describing # is difficult; you may want
to plot the points B corresponding to several thousand pairs of points C
and D on /" and 4. The details of your description may vary depending
on the situation of the circles.

Solution. Let ¢ be the dilation or contraction with center B and ratio
t. Then C=g@oyz(D), so C mustlieonboth 7" and ¢@ayz[A4]. Those circles
intersect twice, once, or not at all; the number of intersections is the number
of solutions. Suppose I" and A have centers O and P; let @ =
O1-¢)+Pt. If I' and 4 are mutually exterior, then £ is an annulus
with center @. Itsinner boundary is tangent to the two common internal
tangents to 1’ and 4; its outer boundary is tangent to their two common
external tangents. (These tangents are depicted in figure 4.6.4.) I don’t
know what £ is when I" and 4 aren’t mutually exterior. 4

Exercises on equations

Each exercise under this heading is concerned with the equation X’'=AX+ B
of a transformation ¢ : X~ X'. In exercises 24 to 26 the problem is simply
to find the equation—that is, the entries of A and B.
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Exercise 24. Two rotations about the point Z =<1, 2> each map the line
2x, - %, =0 onto the line x, - x, = -1. Determine their equations, accurate
to four decimal places.

Solution. The lines’ slopes are 2 and 1, so the angles from the first to
the second are 6, = Yarx - arctan2 ~ -18.4349° and 6, = 6, + 180° =
161.5651°. Each rotation has equation X~ X' =A, X+ B for one value of
0 and some vector B. Since they fix the center, Z=A,Z+ B, so B=
Z - Ay Z. For 0, the rotation has equation

. 0.9487 -0.3162 X+ 0.6838
0.3162 0.9487 -0.2136
while for @, it's
-0.9487 0.3162 1.3162
= X+ .
-0.3162 -0.9487 4.2136

Exercise 25. Consider a point P=<p,, p,> 7 O and the line g 1 oP
through O.
Part 1. Show that ¢, has matrix

2
2 Py PPy

pP'P

A=1

K, where K= PP'=

2
DPoPy  Po

Part 2. Consider the line 7 + OP through a point @. Show that o,
X~ X' has equation
2
pip

Part 3. Find an equation for the reflection across the line 2 with equa-
tion x, +2x, = 3.

Part 4. Find an equation for the glide reflection with axis A and
vector <2,-1>.

X' =AX+ KQ.

Solution, Part 1. The solution for this part is contained in that for
part (2).

Part 2. X’ =X+ sP for some scalar s. The midpoint M =" (X+X’') =
X+ Y sP lieson h, so 0=P'(M - Q)=P' X+ % sP'P-P'Q, so

s=-—2 P(X-Q)
PP

2
P'P

X=X (P(X - Q)P
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¢ ¢
—x_oPXp, , PQp

PP PP

2 X P1 PiQ
=X- p, D +2—=P

PP [P1 2] %) Pe] T ptp
Y- 2 (p1x1+p2x2)p1 +2PtQP

PP _(plxl +p2x2)p2 PP

[ 2

x| 7 onn]n],, P,

prp |pepy Py | %2 pp
=[1-2 k|x+-2 Kq.

PP PP

Part 3. h passes through @ =<1,1> and h 1+ OP, where P =
<1,2>. Thus P'P=1-1+2-2=5,

2 .
r=| ¥ 1-2|_[1 2
2.1 22 2 4
3 _4]
A=I-%K=| > °
5 5]
) _ 21 2][1]_ 2[3]
/5 KQ 5[2 4”1] 5[6_
3 4 8
N 5 5 5
X . X+ 1
5 5 5

Part 4. The glide reflection is the composition 7o, of the reflection in
part (3) and the translation 7 with vector <2,-1>, so its equation is

3 4 s 3 4 16

,_| 5 5 5 21 | 5 5
X—i§X+£+1}—iéX+ IR

5 5 5 5 5 5

Exercise 26. Consider points A=<1,0> B=<2,0>, and C=<0,2>,
and the feet D and F of the altitudes of AABC through A and C.
According to theorem 5.8.1, AABC ~ ADBF.

Part 1. Find the equations of the similarity ¢ : X -~ X’ that maps
AABC onto ADBF.
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Part 2. What's its ratio?

Part 3. Express ¢ as a composition of some or all of these: reflection,
translation, rotation, glide reflection, dilation, and contraction.

Part 4. Find its fixpoint.

Suggestion: The entries of the matrix and vector for ¢ form the solution
of a system of six linear equations in six unknowns. You might want to solve
that for part (1), then work on (3). Or you could solve (3) first geometrically,
then do (1).

Solution, part 1. ¢ has equation X' =MX+ V for some matrix M and
vector V. Regard equations D=MA+V, B=MB+V, and F=MC+V
as a system of six linear equations in the entries of M and B. Solve them
to find

I
o= o=

Part 2. det M= -2, so ¢ isodd and "2 is the square of the ratio r,
so r="%42.
Part 3. Evidently,

X'=MX+B=1/2‘/§[(1) (1)} cos(-135°) s1n(135)}XJr {1

-sin(-135°) cos(-135°) 1|

Therefore, ¢ is the composition of (first) the rotation about O with angle
parameter -135°, then the reflection in the diagonal x, =x,, the contraction
with center O and ratio 22, and (last) the translation with vec-
tor <1,1>.

Part 4. To find the fixpoint X, solve equation X=MX+ B to get X=
(I-M)'B=<6,-2>. ¢

Exercise 27 asks you to classify four transformations. First, show that
they’re isometries. Then you have the same tools at hand as for earlier classifi-
cation exercises. Use them! The logic is the same, but now you compute
with coordinates.

Exercise 27. Show that each of the following systems of equations represents
an isometry ¢, and classify it.

3 4 3 4
X = Zx 4=, X = Zxt-x,+1
5 5 5 5
(a> ’ 4 +3 (C) ’ 4 +3 1
Xg = --xt+ox Xg = —SXF Xy -
2 X1 T e 2 X1 T e
4 3 4
X = Zx -—=x X = Zx,-—x,+1
1 X T %e 1 P s
b) (d)
( ' 4 3 - 4 3 1
Xy = *gxlfng Xy = *gxlfng*
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Solution. Call these transformations o to J, respectively. Let 7 be
the translation with vector <1,-1>. Let

ot |w ot e
ot ot e

You can check that AA’= BB'=1: these are orthogonal matrices. Thus
o and g are isometries, and so are y=ra and 6= rf. Compute det A=
1 and det B= -1 toshow that ¢ and y are evenand £ and J are odd.

Since « fixes the origin O, it’s a rotation about O with angle parameter
0. Thus A is the matrix A, defined in section 6.8, so cos @ =% and
sin@=-%s, hence 6~ -53.13°. By theorem 6.9.3, y is also a rotation with
angle parameter ¢. Compute the coordinates x, and x, of its center X
by solving the equation X= y(X):

4 2
x = §x1+—x2+1 ——x1+ix2= -1
5 5 . 5 5
. 5 that is, . 5
Xy = —=X, +=%,-1 =X - =%y, = 1.
2 R 5 X1 e

You get X=<-"2,-%>.
Since S fixes the origin, it’s a reflection across a line g through O. Points
X on g are fixed:

4
x = éx __x _Ex _ix =
1 e 175 %2
. 5 that is, o
X, = -=x, -2« -ox -2, =
2 5T X X%

This system of equations is redundant. Its solution consists of all points
X=<x,,x,> suchthat x; = -2x,. Thus, g is the line with equation X=
tP, where P=<-2 1>,

The glide reflection 6 maps the origin to O’ =<1,-1> and the point
U=<1,0> to U =<%,-%> By exercise 11, midpoints @ =
% (0O+0")=<Y%,-Y%> and R=%(U+U’) =<"0,-%10> lie on its
axis h, which therefore has equation X= Q¢+ R(1 - u). You can simplify
that to X=Pt+ R. Finally, J hasvector @' - @=-":P. ¢

The next three exercises could have been placed under the earlier Classifying
isometries heading. To solve them you don’t really need to work with their
equations. But that might be the simplest way.

Exercise 28. Classify the compositions of the 1° rotation about point
<2, 3> and the translation with vector <4, 5>, in both orders.
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Solution. Let 8=1° and p, be the rotation through angle 8 about the
origin. Let 7 be the translation with vector P=<2, 3>. By theorem 6.9.11,
@ =1p,7 " X~ A,(X - P)+ P is the rotation through angle 8 about
P. Let v be the translation with vector V=<4,5>. Then

pv: X~-A,(X+V-P)+P v : X~A,(X-P)+P+V,

By theorem 6.9.3, they're both rotations through angle 8. Their centers
Y and Z are their fixpoints, which you can compute by solving linear
systems:

Y=A,(Y+V-P)+P Z=A,
(A4 -D)Y=A,(P-V) - P(4, - I) Z=A,P-P-V
Y ~ <-286.47, 229.68> Z=<

Exercise 29. Classify the compositions of the 1° rotation about point
<2,3> and the 4° rotation about point <5, 6>, in both orders.

Solution. Let 7 =4° and v be the translation with vector @ =
<5,6>. By theorem 6.9.11, y=uvp,v': X~ A (X - @)+ Q is the rotation
through angle 7 about @. Consider the rotation ¢ in the exercise 28
solution. By theorem 6.9.3, the compositions

v=9y: X-A,A(X-Q)+A,(Q-P)+P
w=yp: A, Ap(X-P)+A(P-Q)+Q

are both 5° rotations. Their centers Y and Z are their fixpoints, which
you can compute by solving linear systems:

Y=A4,A(Y - Q)+Ay(Q P)+P
(AgA, ~1)Y=A,A,Q+A,(P-@Q) - P
Y =<4.3792,5.4211>

Z=A,A,(Z P)+A,(P - Q)+Q
(A, Ay -1)Z=A,AyP+A(Q -P) - @
7 =<4.4211,5.3792>. ¢

Exercise 30. Classify the compositions of the 10° rotation about the origin
and the reflection across the line with equation x, +x, = 1, in both orders.

Solution. To find the equation of the reflection, apply exercise 24, part
(2), with P=<1,1> and @ =<1,0>, getting P'P=2 and

K=

11 _ _| 0 -1
11 kQ=p A‘L o}

Reflection o maps X~ AX + P and rotation p maps X~ A4,,-X. Thus
op has matrix representation X~ X'=AA,,. X+ P. It'sa glide reflection.
The midpoints R="2(P+P’) and S="(Q + Q") lie on its axis. Numer-
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ical software provides the axis equation x, = -(tan 50°) x, + 1.0958. The
vectoris R’ - R =<-0.07923, 0.09442>.

po hasrepresentation X~ X' =A,. AX+ A, P. It's also a glide reflec-
tion. The midpoints R ="%(P+ P’) and S="%(Q + Q') lie on its
axis. Numerical software provides the axis equation x, = -(tan40°) x, +
0.9195. The vectoris R’ - R=<-0.09442,0.07923>. ¢

A geometric transformation ¢ associates with points of a figure those
of a corresponding figure—its image—perhaps in another place. You could
call this the alibi version of the concept—alibi is the Latin word for elsewhere.
There’s another version, often used in analytic geometry. Suppose the figure
is a coordinate system; then so is its image. A point P with coordinates
<x,,%,> relative to the first system has coordinates <x/,x,> relative
to the second. Associated with ¢ is a coordinate transformation that maps
the coordinate pair <x,,x,> to <x/,x,>. Some texts regard that as the
basic geometric transformation concept: Points of a figure @ have two cor-
responding coordinate pairs. You could call it the alias version—alias is
the Latin word for otherwrise, to which we often add known as. Suppose you
want to use two coordinate systems to model different aspects of some
phenomenon. It’s usually easy to find the isometry ¢ that transforms one
into the other; it’s part of the problem framework. Then you can derive
an equation for ¢@. How do you use that to find equations that relate
the corresponding coordinate pairs <ux,,x,> and <x/,x,> of a point P?
(These considerations were introduced, with slightly different notation,
under the heading Transforming coordinate systems in section 6.9.) Figures
@ inyour model may be described by equations that relate the two coordi-
nates of points P of &. How do you convert an equation that relates x,
and x, toone for x/ and x,? Exercise 31 provides some examples of this
process. You'll have to decide when and how to use the equation of ¢ and
that of its inverse. You'll see that how you transform equations that describe
figures depends on whether they're single equations or pairs of parametric
equations.

Exercise 31. Suppose that, in addition to your standard Cartesian coordinate
system with origin O, you're using an auxiliary one with

origin O’ =<3, 2>,

unit point U’ for the first axis located below and left of O’ on the
line through O’ with slope 1, and

unit point V' for the second axis located above and left of O'.

A point X = <x,,x,> has coordinates x| and x, relative to this coor-
dinate system.
Part 1. Find formulas for x/ and x, in terms of x, and x,.
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Part 2. Find the equation of the unit circle /" with center O in terms
of the auxiliary coordinate system: X must lie on 7 if and only if x
and x, satisfy the equation.

Part 3. x,=x] is the equation of a parabola 77. Find the equation of
IT in terms of the auxiliary coordinate system.

Part 4. x,=cost and x,=2sint for 0<¢t<27 are parametric equa-
tions for an ellipse 4. Find parametric equations for 4 in terms of the
auxiliary coordinate system.

Solution, part 1. The isometry X ~ X' that maps O’, U’, and V' to
O, U=<1,0>, and V=<0,1>1is g,p7 , where g is the second coor-
dinate axis and p is the rotation with angle parameter -45° about O.

That is,
o ||| 0| cos(-45°) -sin(-45°) || % -3
Xy 0 1||sin(-45°) cos(-45°) || x, -2
x, = ’%x1‘/§*%x2‘/§+g\/§

Xy = ’é’ﬁﬁ"‘é%ﬁ"‘éﬁ
—sxV2 - 2xgy/243

Xy = —%xl'ﬁ+éx2'\/§+2 .

Part 2. To form the auxiliary equation for I, substitute these expressions
for x, and x, inits equation x?+x2=1: youget x;>+x;% - 5x! /2 -
x5/2+12=0.

Part 3. The same substitution in x, =x; yields the parabola’s auxiliary
equation: x!%+2x!xs+x3% - b5xi/2 - Txs/2 +14=0.

Part 4. To derive the auxiliary equations for the ellipse, substitute the
given parametric equations into the equations for x7 and xj: you get

X = —é Zcost—ﬁsint+é\/§

Xy —é ZCost+\/§sint+é\/§.0

Reflection calculus

During the 1920s Gerhard Thomsen discovered how to formulate many
familiar properties of plane figures in terms of equations involving composi-
tions of point and line reflections. The first few exercises under this heading
introduce this method. You can solve them by manipulating equations
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involving reflections, half turns, translations, and occasionally vector alge-
bra. You never have to use coordinates explicitly. You can call this method
a reflection calculus.

Exercise 32. Show that for any points O, P, and ¢, the composition
05 0p G, is a half turn about point R=0 - P+ @, and OPR@ is a (possibly
degenerate) parallelogram.

Solution. Since O - P=R - @, OPRQ is a (possibly degenerate)
parallelogram. Translations ¢,0, and 00, are equal by corollary 6.4.5,
hence o,0p,0,=0,. ¢

Exercise 33. Describe the figure formed by points A, B, C, and G for
which 0,0,050,0,0,= 1. Suggestion: Reason with vectors.

Solution. This equation is equivalent to 7,4 ¢)%a3 6 T2(c_c) = &> tO
2A-GY+2(B-G)Y+2(C-G)=0, to A+B+C=3G, andto G=
Y3(A+ B+ C). Hence the figure consists of AABC and its centroid G when
A, B, and C are noncollinear; otherwise it consists of three collinear points
and their “average”. ¢

Exercise 34. Construct a pentagon with given edge midpoints M, to
M. Isitunique? Generalize your solution to apply to polygons with more
edges.

Solution. Denote the pentagon’s vertices by P, to P,, and set P5=
P,, sothat each edge P, ,P; has midpoint M;. Then P, is a fixpoint of

Ont, 901,904,990, = Op, -0, +4,90,%01, = Obd,-M, +M,-M, + M, >

Gerhard THOMSEN was born in Hamburg in 1899, the son of a physician.
He served a year in World War I, then became one of the first students of the
new university at Hamburg. Thomsen completed the Ph.D. in 1923 with a
dissertation on differential geometry. He served as assistant in Karlsruhe
and Hamburg, studied a year with Tullio Levi-Civita in Rome, then presented
his Habilitationsschrift in Hamburg, on a problem in gravitational physics.
In 1929 he became Ausserordentlicher Professor at Rostock. There he con-
tinued work on differential geometry, collaborating with Wilhelm Blaschke,
and published as well in mathematical physics and foundations of geometry.
In 1933, reacting to the Nazification turmoil in his university, he published
an inflammatory lecture that seemed to support some Nazi aims but attacked
Nazi suppression of education in the sciences. This evidently attracted the
attention of the secret police. Thomsen died, an apparent suicide, on a
Rostock railroad track in 1934.
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hence Py=M, - M,+ M, - M, + M;. Further, P,,, = o, ,,(P;) for i=
0 to 3. The pentagon is unique. This technique generalizes to determine
a polygon with any odd number of sides, given any prescribed set of edge
midpoints. ¢

Exercise 35. When can you construct a quadrilateral with given edge
midpoints? When is it unique? How about a hexagon? Suggestion: What
kind of figure is formed by the midpoints of the edges of a quadrilateral?
Of a hexagon?

Solution. By exercise 4.5.2 the edge midpoints of a quadrilateral form
a parallelogram. Conversely, if points M, to M, form a parallelogram,
then M, -M,=M, - M,, so M, - M,+ M, - M,= O, hence any point
P, is a fixpoint of

On1, 9, 9%,%m, = Toom,- My Tomy - M) T Taom -Myray-my T To T

You can build a quadrilateral P,...P; whose edge midpoints are M, to
M, by setting P,,, = g,, ,,(P;) for 1= 0 to 2.

The edge midpoints M, to M, of a hexagon P,...P, satisfy
equation M, - M, + M, - M, + M, - M; = O, because P, is a fixpoint of the
translation

901,934,901, %01, 001,00, = T2.(M, - My + My - M+ My, - My

which must therefore be the identity. Conversely, if points M, to M, satisfy
that equation, then you can build a hexagon P,... P, whose edge midpoints
are M, to M, by choosing any point P, and setting P, = g, , ,(P;) for
i=0to 4.4 '

Exercises 34 and 35 are closely related to exercise 17 on billiards and to
exercise 18. Can you imagine the pentagon and hexagon as dual billiards
tables? You play on the outside, grazing the corners instead of rebounding
from the sides!

A development of the reflection calculus and results obtained with it were
published in Thomsen 1933a. Exercises 36 to 39 are selected from section
4 of that book.

Exercise 36. Consider points P and @, lines g and A, and the isometry
¢ = 0,050,05. Under what condition on the points and lines is ¢ = 1?
Suggestion: First, classify og,0p, and g,0,.

Solution. Find the feet O and R of the perpendiculars 2 and [ to
g and h through P. Then

0,0p = 0,000,0p = 0,T30_p)
0,09 = 0,000 = 01Ty (r_q)-
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These are glide reflections with axes k& and [ and vectors 2(O - P) and
2(R - Q). Now, ¢ =1 if and only if 0,0, = (0,0,)"'. This condition is
equivalent to =/ and 2(0O - P)=-2(R - @), hence it holds if and only
if O, P, @, and R arecollinearand O-P=Q -R. ¢

Exercise 37. Prove that these conditions on lines g and h are
equivalent:

(a) &g1h;
(b) for every point P, 0,0,0,0,0,0p=1 but 0,0,0p7 1;
(c) for some point P, 0,0,0p0,0,0p=1 but 0,0,0,7 1.

Solution. Assume g /h and consider an arbitrary point P. Let @ and
R De the intersections of g and 2 with the perpendicular & to g and
h through P. By corollary 6.4.5, g,0, = 0,0;. By exercise 32, 0,0,0p=
0y0r0p= 0y for some point O. Since g,0,=1 but 0,7 1, Condition
(a) implies condition (b). Clearly, condition (b) implies condition (c).

To prove that condition (¢) implies condition (a), assume that (¢) holds
and (a) fails, and deduce a contradiction as follows. Under that assumption,
p = 0,0, would be a nonidentity rotation with angle parameter €, and by
theorem 6.9.3, 0,0,0, = pop would be a translation 7, with nonzero
vector V, or else a rotation with angle parameter &+ 180°. Accordingly,
poppop would be 7,, or else arotation with angle parameter 20. Is
either alternative consistent with the assumption pop,po,=1 but po, 7
1? The translational case leads to 7,,= ¢ but 7, # 1, which is clearly im-
possible. The rotational case leads to 28 = 0° but & # 0° mod 360°, hence
0 = 180° and po, = g, for some point O; but then p would have to be
the translation o,0,, which is impossible. The assumptions have indeed
led to a contradiction. ¢

Exercise 38. Consider some lines a, b, and ¢ and the isometry
§0 = O'CUanUanUaUCO'bUaUCO'aUcUan.

Prove that ¢ is the identity if and only if @, b, and ¢ are copencilar or form
an isosceles triangle with congruent edges on b and c¢. Suggestion: It’s
easy to show that copencilarity implies ¢ = 1. When there’s a triangle,
consider the line g through the feet B* and C* of the altitudes perpen-
dicular to b and ¢. Whenis g /a? What isometry is y = 0,0,0,?

Solution. If a, b, and ¢ are copencilar, then y = g; for some line
d, by corollary 6.4.7 or 6.5.6. Therefore,

— -1 -1 — -1 -1 — -1 -1 — —
¢ =90, 0,0,0,0,0, =0;,0,0,0, =0,0, =0,0;,=1.

Now assume they form a triangle. By theorem 6.7.2, ¥ is a glide reflection
with axis g and vector V parallelto g: y= 7,0, and yy= 7,,. Thus,
p=y'gyyo,y", and ¢ =1 if and only if
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G YY0, =YY
GYY=YV0,
OyTov = Toy0,-

By theorem 6.7.1, this equation holds if and only if a is parallel to 2V
—that is, a 7/ g. It's easy to see that a / g if and only if the triangle is
isosceles as described.

The solution is complete: by its first paragraph, copencilarity implies
¢ = 1. By the second, isosceles triangularity implies ¢ = 1. Conversely,
if @ =1, then the lines are either copencilar or not, and in the latter case
the second paragraph implies that their triangle is isosceles. ¢

Exercise 39. Show that for any lines a, b, and c,

0,04,0,6,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0.0y, = l'5
Solution. The isometries y= g,0,0, and 0= g,qg.a, are glide reflections,
so 7=yy and v =66 are translations. Therefore rv=v7, so rvr'v'=
1. In this equation substitute the definitions of 7 and v then the definitions
of ¥ and J to get the desired result. ¢

Exercises on the definitions of isometry and similarity

The next two exercises are concerned with functions that map the plane
to itself but satisfy (seemingly) weaker conditions than isometries or
similarities.

Exercise 40. Show that any function ¢ : X~ X' from the plane to itself
that preserves distance is an isometry. That is, from the hypothesis that
X'Y' =XY forall X and Y, deduce that ¢ is injective and surjective.
Suggestion: For surjectivity, given Y, you must find X such that Y=
X'; select two points P and @ and observe the relationship of Y to P’
and Q’.

Solution. X' =Y' implies 0 =X'Y' = XY, hence X=1Y; therefore,
@ isinjective. To prove that it’s surjective, select any point Y. You must
find a point X such that X’ =Y. First, select any distinct points P and
@. Consider the circles I' and 4 with centers P and @ and radii r=
P'Y and s=YQ'. Since r+s> P'Q' = PQ), the circles intersect in one or
two points, depending on whether the sum equals P® or not. If there’s
only one intersection X, then P'X' '+ X'Q'=PX+XQ=r+s=PQ =
P'Q" and P'Y+YQ'=r+s aswell,so X' and Y both lie between P’
and @' atthe same distance r from P’, hence X' =Y. Now suppose I

5 Responding to a question from Thomsen, Hellmuth Kneser (1931) showed that this equation

is the shortest that’s true for all lines a, b, and ¢, except for equations like 0,0,=1 and
others such as o0,0,0,0,= 1 that are derivable from it.
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and 4 have two distinct intersections X; and X,. Then the circles I’
and 4’ with centers P’ and @’ and radii » and s have two distinct
intersections Y and Z, because r +s> P'Q’ = PQ. But the two distinct
images X, and X, alsolieon I'' n4’, because P'X/=PX,=r and
Q'X/=QX;=s for i=1 and 2. Therefore, either X, =Y and X, =Z or
X/=Z and X;=Y. ¢

Exercise 41. Let r be any positive number and ¢ be a function from the
plane to itself such that X'Y' =r (XY) forall X and Y. Prove that ¢
is a similarity with ratio r. Suggestion: Use exercise 40.

1

Solution. Let ¢ be any similarity with ratio »~*. Then y = ¢g¢ isa
function from the plane to itself that preserves distances. By exercise 40,
y is anisometry, so ¢ = ¢ ' is a similarity with ratio r. ¢

It’s possible to weaken the definitions of isometry and similarity even
further than these exercises suggest. For example, invariance of the property
of separation by distance 1 —that is, the condition XY = 1 if and only
if X'Y’'=1 —implies that ¢ is an isometry.°®

Dilatations

A dilatation” is a plane transformation ¢ : X~ X' such that the image g’ =
@[g] of any line g is a line parallel or equal to g. The last four exercises of
this chapter develop the theory of dilatations, which plays a major role in
some axiomatizations of geometry.® You should solve them without using
any limit concepts from analysis. Your solutions will provide a proof of the
fixpoint theorem for similarities, theorem 6.10.8, that, unlike the proof in
the text, requires no analysis. In your solutions of exercises 43 to 45, you're
expected to use the results in the preceding exercises.

Exercise 42. Prove that the dilatations form a transformation group. Of
the various types of isometries and similarities considered in this chapter,
which are dilatations and which not?

Solutton. That the dilatations form a group follows from the fact that
parallel or equal is an equivalence relation on the set of all lines. The
dilatation group includes all translations, half turns, contractions and
dilations, but no glide reflections, and no rotations except half turns. ¢
6 Modenov and Parkhomenko [1961] 1965, appendix.

Be careful not to confuse the terms dilation and dilatation! The first stems from the Latin
prefix dis-, meaning apart, with the past participle latus of the irregular Latin verb fero,
which means carry. The second is from the related regular verb dilato, which means
broaden.

For example, Artin 1957, chapter 2.

7
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Exercise 43. Show that

(a) the only dilatation with two distinct fixpoints is the identity, and
(b) if @ and y are dilatations and ¢ (X )= y(X) for two distinct
points X, then ¢ =y.

Suggestions: For (a) show first that a dilatation ¢ : X - X’ with distinct
fixpoints P and @ fixes every point not on P@Q, then consider points on
the line. Note that any line through a fixpoint is fixed and any point on two
fixed lines is fixed.

Solution. Suppose PZQ, P'=P, and @' =@Q. Let R be any point non-
collinear with P and @, and consider the lines g= PR and h= QR. Then
g' =g because g’ is parallel or equalto g and P lieson g and g’.
Similarly, ' =h, so R and R’ lieon g and h. If R'#R, then g=
h, and R would be collinear with P and @, contradiction! Thus ¢ fixes
every point R noncollinear with P and . Now suppose S is a point col-
linear with P and @. The argument of the previous paragraph with
and R replaced by R and S implies that ¢ fixes S. Part (a)is proved.

To prove (b), note that ¢ 'y has two distinct fixpoints, so it’s the identity. ¢

Exercise 44. Show that every dilatation ¢ : X~ X’ that’s not a translation
has a fixpoint. Suggestion: Find P and @ such that PP'Q’Q is a quadrilat-
eral, then show that it can’t be a parallelogram.

Solution. Suppose ¢ is a dilatation but not a translation. There’s a point
P for which P’ # P; define g= PP’. Then P’ lieson g and g’, so g’ =
2. Select any point @ noton g, sothat P#@Q, and define A= PQ. Then
h'=PQ#h and Q' # Q. Define k= QQ'. Then Q' lieson k and &/,
so kR=Fk'. If k were parallel or equal to g, then PP'Q'Q@ would be a
(perhaps degenerate) parallelogram, there'd be a translation 7 such that
T(P'y=P and 7(Q')= @, and the dilatation ¢ would have distinct
fixpoints P and @; by exercise 43, ¢ would be the identity and ¢ would
be the translation 7', contradiction! Therefore, % is neither parallel nor
equalto g, so gnk isapoint O. Then O= 0" because O and O’ both
lieon g=g’ andon k=F". ¢

Exercise 45. Prove that every dilatation that's not a translation is a
contraction, a dilation, or the composition of a contraction or dilation with
the half turn about its center.

Solution. Suppose ¢ : X~ X' is a dilatation but not a translation. By
exercise 44 it has a fixpoint O. Select any point P # O, and consider the
contraction or dilation ¥ with center O and ratio r = OP/OP’, so that
P’ =y (P) or P'=0,¢(P). Then the dilatation ¢ '¢ or ¢ 'g, ¢ has dis-
tinct fixpoints O and P, so it’s the identity. Thus ¢ = ¢ or o, y. ¢
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/.7

Solutions

fo exercises on
three-dimensiondl
isometries and
similarities

Concepts
Distance-preserving functions
Dilatations
Compositions of commuting point and plane reflections and half turns
Conjugates
Compositions of reflections, translations, and rotations
Classifying isometries and similarities, given their equations
Finding fixpoints and fixed lines of isometries, given their equations
Reflection calculus
Three-reflections theorems

This section contains thirty-two exercises related to the material covered
earlier in this chapter. The first three ask for some straightforward proofs
omitted earlier. Several others, listed under the headings Commuting reflec-
tions and halfturns, Conjugacy exercises, and Classifying isometries, extend

123
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the chapter’s methods beyond the essentials covered earlier, and provide
a nearly complete treatment of the interrelationships among reflections,
translations, and rotations. The conjugacy exercises firmly establish results
you'll often find used without mention in applications. The exercises under
the heading Exercises on equations familiarize you with the algebraic and
numerical computations often required to apply the theory. Some require
tedious arithmetic to evaluate determinants and solve linear systems. There
was no effort to avoid that. You're expected to use mathematical software
for that work. Finally, exercises 5 and 6 and those under the heading
Reflection calculus provide excursions into areas less central to the program
of this book. You've already met their two-dimensional counterparts in
chapter 6.

General exercises

Exercises 1 to 3 ask for several proofs omitted from earlier sections of this
chapter.

Exercise 1. Prove theorem 7.1.4: The only isometry with four noncoplanar
fixpoints is the identity. Suggestion: Imitate the proof of theorem 6.2.7.

Solution. Find a plane & through three noncollinear fixpoints, a fixpoint
P noton &, and the plane ¢ through P parallel to ¢. By theorem 7.1.3,
each point on ¢ is fixed. Each point X noton & or € lieson line PQ
for some point @ in ¢. By theorem 7.1.2, X is fixed. Finally, each point
Y on & lies online @X for some points @ in ¢ and X noton & or
e. By theorem 7.1.2, Y is fixed. ¢

Exercise 2. Prove theorem 7.4.3: A rotation p commutes with a reflection
o, just when p=1, orits axis g is perpendicular to the mirror &, or it’s
a half turn about a line in &. Suggestion: Imitate the proof of theorem 7.4.1.

Solution. Showing that the rotation and reflection commute when any
of these conditions holds is straightforward. Suppose they all fail. First,
suppose p# i, g is not perpendicular to ¢, and g<¢ ¢. Then pog,(P)#
o,p(P) for any point P on g but noton &. Second, suppose p# 1 and
g liesin & but p isn’t self-inverse. Then po,(Q)# g.p(Q) for any point
@ in £ butnoton g. ¢

Exercise 3. Prove theorem 7.5.1: A translation 7, commutes with a rotation
p just when V=0, p=1, or OV is parallel to the axis of p. Sugges-
tion: Imitate the proofs of theorems 7.4.2 and 7.4.4.
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Solution. Showing that 7, and p commute when any of these conditions
holds is straightforward. If they all fail, then 7,0 and p7, have different
effects on any point on the axis. ¢

Exercise 4 is the three-dimensional analog of exercise 6.11.8.

Exercise 4. Show that an isometry ¢ is even if and only if ¢ = y ¥ for some
isometry y.

Solution. An even isometry ¢ is a screw with vector V and angle
parameter 6. Let y be the screw with vector Y2V and angle parameter
Y2 0. Then ¢ = yy. Conversely, yy is even no matter what the parity
of y. ¢

Exercises 5 and 6 pursue excursions into less central themes, already
begun in two-dimensional exercises under the section 6.11 headings
Exercises on the definitions of isometry and similarity and Dilatations. If
you've solved those in the most efficient way, you should need little to adapt
your work to three dimensions.

Exercise 5. Formulate and prove three-dimensional versions of exercises
6.11.40-6.11.41 on the definitions of isometry and similarity.

Solution. The analog of exercise 6.11.40 is true. X' =Y’ implies 0 =
X'Y'=XY, hence X=Y; therefore ¢ is injective. To prove that it's
surjective, select any point Y. You must find a point X such that X' =Y.
First, select any noncollinear points P, @, and R. Their images P’,
Q', and R' aren’t collinear; if they were, then one—for example @' —
would lie between the other two, which would imply PQ + QR = P'Q’ +
Q'R’'=P'R’' = PR, which can’t be true. Consider the spheres with centers
P, @, and R andradii r=P'Y, s=Q'Y, and t=R'Y. Their intersection
is a finite point set 2. The intersection 2’ of the corresponding spheres
with centers P’, @' and R’ and the same radii contains the same number
of points. (Verify that in detail!) Since ¢ maps 2 into 2’ injectively,
¢ must map X onto X'. Since Ye X', there’s a point X €2 such that
Y=¢p(X).

The analog of Exercise 6.11.41 is also true; its solution is valid in three
dimensions. ¢

Exercise 6. Formulate and prove three-dimensional analogs of exercises
6.11.42—-6.11.45 on dilatations.

Solution. See exercises 6.11.42 to 45 and their solutions. The entire theory
of dilatations is independent of dimension. ¢
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Commuting reflections and half turns

The conditions in plane geometry under which reflections and half turns
commute—the nontrivial self-inverse isometries—were laid out at the end
of section 6.3. Those ideas played essential roles in the rest of that chapter.
In three-dimensional geometry there are three types of nontrivial self-inverse
isometries. A complete treatment of their commutativity would have
clogged the earlier sections of this chapter unacceptably, so they covered
only a few aspects. In fact, the theory in this chapter was streamlined
to allow that omission. But its applications require all the commutativity
details, so they’re presented here systematically, as exercises.

Exercise 7. Show that the composition 0,0, of two point reflections is
the translation with vector 2(P - @), and they don’t commute unless

P=Q.

Solution. By theorem 7.4.4, P="2(X+ 0p(X)), so 0p(X)=2P - X,
for all X. Similarly, 0,(X)=2@Q - X, so

0p09(X)=2P - 05(X)=2P - (2@ -X)=X+2(P- Q).

The reflections commute just when 2(P - @) = 2(@ - P) —that is,
P=Q.¢

Exercise 8. Show that point and plane reflections ¢, and ¢, commute
just when P lieson ¢, and in that case o,0, is the half turn about the
line g + ¢ through P.

Solution. Let @ =gn e, sothat 0,0,(Q) = g,(Q). If P does not lie
on ¢, then neither does 0,(Q®), by theorem 7.4.4; therefore 0.0,(Q) #
op(®@), hence 0p0,# g,0p. If P doeslieon ¢, then 0, =g, 0, = g,g, by
theorem 7.4.3, hence 0,0,= 0,= 0,0p. ¢

Exercise 9. Show that
Part 1. ahalfturn g, commutes with a plane reflection g, if and
only if g liesin ¢ or g1 &;
Part 2. if g liesin &, then 0,0, is the reflection across the plane
perpendicular to £ through g;
Part 3. if g L ¢, then 0,0, is the reflection across gn e.

Solution. The only part of this result that’s not in theorem 7.4.3 is the
classification of ¢,0, when g liesin &. But that follows from o¢;0,= g,. ¢

Exercise 10. Show that a point reflection o, and a half turn g, commute
if and only if P lieson g, and in that case 0,0, is the reflection in the

plane & 1 g through P.
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Solution. Let @ =gn ¢, sothat 0,0,(Q)=0p(Q). If P does not lie
on g, then neither does 0,(®), by theorem 7.4.4; therefore 0,0,(Q) #
0p(Q), hence o0,0,7# g,0p. If P doeslieon g, then o,=0g,0,= 0,0,
by theorem 7.4.3, hence 0,0,= 0, = gp0,. ¢

Exercise 11. Show that half turns ¢, and o, about distinct lines g and
h commute if and only if g 1 &, and in that case, 0,0, is the reflection
across the intersection of g and h.

Solution. Let k be the line perpendicular to g and A, and P=
hnk, sothat g,0,(P)=0,(P). If g is not perpendicular to %, so that
P does not lie on g, then neither does g,(P), by theorem 7.4.4; therefore
0,0,(P) # 0,(P), hence 7,0, # 0,0,. Now suppose g L h, sothat P
does lie on g, and consider the planes J and & through P perpendicular
to g and h. Then 0,0, = 0,0,0,0, = 0,0,= 0, and 0,0,=0,' =0, =
0,0;,. ¢

Conjugacy exercises

The conjugacy classes of two-dimensional isometries were described in
complete detail under that heading in section 6.9. That information is
important for applications, because authors often handle, for example, all
60° rotations interchangeably without mentioning explicitly the conjugacy
relation that connects them. The same is true in three-dimensional applica-
tions. Earlier sections of chapter 7 contained the most essential conjugacy
results: the general ideas near the end of section 7.1, and theorems 7.2.5,
7.3.3, and 7.3.5. Further results were omitted because their proofs are
unwieldy and repetitive. They're offered here as exercises.

Exercise 12 shows that, like the plane reflections, the half turns and point
reflections each constitute single conjugacy classes.

Exfercise 12. .Show that qoqpqo’l = 0,y and @0, = A for.any
point P, any line g, and any isometry ¢. Suggestion: Consider fixpoints!

Solution. @ ope™" is odd and self-inverse. Adapt the proof of theorem
6.9.8 to show that ¢ (P) isits sole fixpoint. Similarly, ¢ agqo’l is even and
self-inverse, and its fixpoints constitute the line ¢[g]. And 0,,, and
0,141 are the only isometries with those properties. ¢

Exercise 13. Describe the conjugacy class of a glide reflection.

Solution. A glide reflection is an isometry y = g,0,0;, where points
P and @ liein plane J. Its conjugate by an isometry ¢: X~ X' is

PV = 90p00. 9 = POpP P OGP P OP " = Op Ty 0,4,
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where P’ and @' liein ¢[J]. The conjugate is thus a glide reflection whose
vector 2(P’ - ') has the same length as 2(P - @), the vector of y.
Moreover, any glide reflection y = g, 0,0, whose vector 2(R - S) has the
same length is a conjugate. To prove that, first find a translation or rotation
¢ such that ¢[J]=¢, then the translation 7 suchthat 7y (P)=R, and
finally the rotation p about the line perpendicular to ¢ through R such
that p7y¢ (@)=S. Nowlet ¢ =p7ry, sothat ¢ (P)=R, ¢(Q)=S, and
p[6]=e. Itfollowsthat y = pye'. Insummary, the conjugacy class of
a glide reflection y consists of all glide reflections with vectors whose length
is the same as that of y. ¢

Exercise 14. Describe the conjugacy class of a rotary reflection.

Solution. A rotary reflection is an isometry @ = 0,0, 0,, where ¢ and
n pass through a line g 1 &. Its conjugate by an isometry ¢ is

-1 -1 -1 -1 -1
pwP =@o0:0,0 =QOP PO P PP = 0,1.10,11%191

where @[{], ¢[n] L ¢[e] and @[] and ¢[n] pass through ¢[g].
The dihedral angles formed by ¢[¢] and ¢[7] have the same measures

as those formed by ¢ and 7, so the conjugate is a rotary reflection with
the same angle parameter as that of w. Moreover, any rotary reflection
X = 0;0,0; with the same angle parameter is a conjugate. To prove that,
first find a translation or rotation ¢ such that ¥[e]=J, then the translation
T such that ¢ [g] is the intersection h =a n B, and finally the rotation
p about h suchthat pry[{]=a and pry[n]=p6. Nowlet ¢ =pro,
sothat @[d]=¢€, @[{]1=a, and ¢[n]=p. Itfollowsthat pwe ' =y.
In summary, the conjugacy class of a rotary reflection consists of all rotary
reflections with the same angle parameter.

Exercise 15. Describe the conjugacy class of a screw.

Solution. A screw is an isometry = 0p0,0;0,, where points P and
@ lie in planes 6 and e. Its conjugate by an isometry ¢: X - X' is

-1 — -1 — -1 -1 -1 -1
PWY = @POp0y0s0,0 = PTp PO POsP P IP
= 0p 09 0p1519p[515

where P’ and @' liein ¢[Jd] and @[e]. The conjugate is thus a screw
whose vector 2(P’ - @) has the same length as 2(P - @), the vector of
. The dihedral angles formed by ¢[J] and ¢[e] have the same measures
as those formed by ¢ and &, so the screws have the same angle parameter.
Moreover, any screw v = 0,050, g, with the same angle parameter whose
vector 2(R - S) has the same length is a conjugate. To prove that, first
find a translation or rotation ¢ such that ¢[dJ]=¢, then the translation
7 such that 7¢ (P)=R, then the rotation p about the perpendicular to
¢ through R such that pry¢ (Q)=S. Finally, let y be the identity or the
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reflection across a plane through R and S sothat yory¢[e]=rn, and set
o=ypty, sothat p(P)=R, ¢(Q)=S, and ¢[d]=n. It follows that
v=g@ye " Insummary, the conjugacy class of a screw w consists of all
screws with the same angle parameter, whose vectors have the same length
as that of w. ¢

Classifying isometries

Earlier in this chapter, a glide reflection was defined as a composition of
a translation and a commuting plane reflection, a rotary reflection as a
composition of a rotation and a commuting plane reflection, and a screw
as a composition of a translation and a commuting rotation. With these
notions, you can classify all isometries. Exercises 16 to 18 give you some
practice. What kinds of isometries are the analogous compositions whose
components don’t commute?

Exercise 16. What's the composition of a translation and a plane reflection
when they don’t commute?

Solution. Find distinct points P and @ and a plane y through @ such
that the composition is ¢ = 0p0,0,. Find the planes o and S through
P and @ perpendicular to PQ, sothat ¢ = 0,0;0,. Then «, f, and
y have a common perpendicular plane, so by theorem 7.4.2, ¢ is a glide
reflection. (y is notits mirror.) If o, B, and y happened to be parallel,
¢ would be a plane reflection. ¢

Exercise 17. What’s the composition of a rotation and a plane reflection
when they don’t commute?

Solution. Find a plane ¢ and distinct planes ¥ and J through a line
g such that the compositionis ¢ =(0,0;)0,. If g/ ¢ then y, 4, and ¢
would have a common perpendicular plane, and by theorem 7.4.2 ¢ would
be a glide reflection. By theorem 7.4.3, that happens when g doesn’t lie
in ¢ orwhen g liesin ¢ but y and ¢ aren’t perpendicular. In that second
case, ¢ would be a reflection. By theorem 7.4.3 it’s possible that g n &
is a point, so that y, 6, and & have no common perpendicular plane; in
that case theorem 7.4.5 would imply that ¢ is a rotary reflection. ¢

Exercise 18. What's the composition of a translation and a rotation when
they don’t commute?

Solution. By theorem 7.5.3, the composition is a screw. It could be a
rotation—select distinct planes y, &, and £ with a common perpendicular
plane such that y and & are parallel but 6 and & are not. Then o,0;
is a translation and o0, is a rotation, but they don’t commute and their
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composition is the rotation ¢,050;0, = 0,0,. But the composition 7o of a
translation 7 and a noncommuting rotation p couldn’t be a translation
v, because then p would be the translation 7 'v, hence the identity, which
commutes with 7. ¢

Exercises 16 to 18 don’t cover the whole subject of commutativity. When
do isometries of the various other types commute, and what are their
compositions? Most of the combinations are too rare to warrant special
treatment—except one: the composition of two rotations. In two dimensions
its description is simple; see theorem 6.9.3. In three, that’s not true unless
the rotations commute. Exercise 19 investigates the situation.

Exercise 19. When do two rotations commute? What’s their composition
in that case and in general?

Solution. If rotations ¢ and y about axes g and 2 commute, then
¥=@ye", so h=g@[h] by theorem 7.3.5. Thus g=h, orelse g L h and
@ 1is the reflection across g. Reversing the roles of ¢ and y yields g=
h orelse g1 h and y isthe reflection across h. Thus rotations commute
if and only if they have the same axis, or they're the half turns about
perpendicular axes. In the first case ¢y is a rotation about the common
axis. In the second, ¢y is the half turn about the line perpendicular to
both axes.

The composition of two noncommuting rotations ¢ and y is a screw.
It could be a translation—for example, let ¢ and y be the half turns about
distinct parallel axes. It could be a rotation—for example, let ¢ and y
be 10° rotations (with the same sense) about distinct parallel axes. (Orient
the axes so their positive rays fall on the same side of some plane.) It could
be neither—for example, let ¢ and y be the half turns about nonparallel
lines g and h with a common perpendicular line. ¢

Exercises on equations

As in two-dimensional transformational geometry, the theory of isometries
in three dimensions seems very different from the practice of computing
with them. That’s the effect of streamlining to present the essential details
of the theory efficiently, in a form that’s easy to remember. The exercises
under this heading present the computational details. In the first two, closely
related to two-dimensional exercise 6.11.25, you derive equations for plane
reflections and half turns in terms of the equations of their mirrors and axes.

Exercise 20. Consider a point P=<p,, p,, p;>7 O and the plane ¢ 1 oP
through O. Show that o; has matrix

A-1--2 Kk

PP
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where K= PP'. Now consider the plane ¢ 1 OP througha point @. Show
that o0,: X~ X' has equation
X' = AX+—2_K@Q.
pp

Solution. X' = X + sP for some scalar s. The midpoint M =
Y2 (X+X')=X+'"sP lieson &, so

0=P' (M- Q)=P'X+%sP'P-P'Q
s = _ipt(Xf Q)
pp

X' =X 2 (P(X-Q)P
PP

2

= X2 (P'X)P+—2_(P'Q)P.
PP PP

Now write the scalar multiple (P'X)P as the matrix product P(P'X) =
(PP X = KX, and similarly (P'Q)P=KQ. You get the expression for
X' in the statement of the exercise. ¢

Exercise 21. Find an equation for the half turn X~ X’ about the line g
with parametric equations X=tP+ Q. Suggestion: Use the matrix K =
PP' introduced in exercise 20.

Solution. Since XX'1 g and the midpoint M= "2 (X+X') lieson g,
you can find ¢ such that

M=Q+ tP
0=P(X-M)=P(X-Q- tP)=P(X-Q)-t(PP)

t=——P(X-Q)
PP
X'=2M X=2Q X+2(P
=29 X+|-21Px-@)|P
PP
2 t 2 t
—29- |2 P@|P_x+|2Px|P
PP PP

90 - 2. (PPHYQ - X+ -2 (PPHX
PP

P'p
—[r+ 2 k|x+21-LK|g. ¢
PP PP
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In the next two exercises, you start from geometric descriptions of certain
isometries and find their equations. These involve very tedious computations.
Use mathematical software wherever possible!

Exercise 22. Find equations for
(a) the reflection across the plane & with equation
x,+2x,+3x;=4;
(b) the glide reflection with mirror £ and vector <3,-2, %o>;
(c) the half turn about the line through points <1,1,2> and
<2,1,1>.

Solution, Part 1. ¢ passes through @ =<1,1,1>, and ¢ 1 OP, where
P=<1,2,3>. Thus PPP=1-1+2-2+3-3=14,

12 1-2 1-3 123
K=[2-1 22 2-3|=|2 4 6
3-1 3-2 32 369
6 _2 _3
7 7
_ 2 .2 3 _8
A—IfﬂK— R
.3 _8 _2
7 7 7
12 3|[1 6
1 _ 1 _ 1
7K’Q—7246 1| =—|12
36 9|1 18
8 2 3 3
7 7 7 7
f_|_2 3 _8 12
X' = 7 7 7X+7
3 8 2 18
7 7 7 7

Part 2. The glide reflection is the composition 70, of the reflection in
part (1) and the translation 7z with vector <3,-2, /6>, so its equation is

2

o e =l
|

o o alw
+
|
|

>
I
| |
alw o e
|
|

Noe aw e
|

Gl ale alw
+

\1|; \1|§ - |
+
|

o~ DN W

I
|

“alw e aloe
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Part 3. Follow the solution of exercise 21. The equationis X' = AX + B,
where

001 3
A=-1010 B=|2|.+
100 3

Exercise 23. Consider the plane ¢ in exercise 22, its intersections P,
@, and R with the coordinate axes, and the line g 1 £ through @. Find
equations for
(a) the rotation p:X ~X' about g that maps QR to QP, with
coefficients accurate to four decimal places;
(b) the rotary reflection pao,.

Suggestion: The equation has the form X' =AX + B for some matrix A
and some vector B. Find four points X, no three of which are coplanar,
for which you know X’. From the four equations X' = AX + B construct
a system of twelve linear equations for the twelve entries of A and B, then
solve it.

Solution, Part 1. Find P, @, R and the points R* and P* on QR and
QP such that QR* = QP*=1. Then p(RQ)=Q and p(R*)=P*. Let S=
<1,2,3> and S*=|8| 'S, sothat |S*|=1, U=Q+ S lieson g and
p(U)=U. Consider plane J = P*@S* andlet T*=(P* - @) X S*, so
that OT* L 8 and |T%| =1. Let V*=0,(R) sothat p(P*)=V*. By
exercise 20, V* =JX+ 2KQ, where J=1I-2K and K=T*(T*)". Solving
for the entries of A and B the equations X' =AX+ B with X=Q, R*,
U, and P*, youget

[ 1 3 1 9 3 47
§+%\/65 7—;\/65 §+E\/65

— |1 L3/ 2.3 3 _ .23
A= 7+35 65 7+91 65 7 455 65

31 3, 1 9 3
Vi 65 7+§\/65 §+§\/65

[ 0.4170 -0.6545 0.6307
~| 0.8339 0.5515 0.0210
| -0.3616 0.5172 0.7758

2 18
— g V60 1.3090
_| 10_6 N
B=| 2-2/65 0.8970 |.
_5_2 .65 -1.0343
7 91
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Part 2. Same as part (1), except p(U)=2 - U. You get

0.2741 -0.9402 0.2021 1.8804
X' =] 0.5482 -0.0199 -0.8361 (X +|2.0399|. ¢
-0.7902 -0.3400 -0.5100 0.6800

The final two exercises under this heading ask you to classify an isometry
or similarity, given its equation. To classify an isometry,
identify its class among those listed in the classification theorem;
find an equation for its mirror—if it has one;
find its vector—if it has one;
find an equation for its axis—if it has one—and specify a vector to
indicate a positive ray, then find a corresponding angle parameter.

To complete a classification, you may need to find fixpoints or fixed lines
of an isometry ¢: X~ X'=AX+ B. For a fixpoint, you'll have to solve the
linear system X=X’ —thatis, X=AX+B, or {-A)X=B. If I-A
is invertible, there’s just one fixpoint X. Otherwise, reduce the system to
an equivalent one for which you can identify the solutions readily. There
are four cases. You might

derive an inconsistent equation equivalent to 0 =1 —there’s no
fixpoint;
reduce the system to three frivial equations, each equivalent to 0=0
—every point is fixed ;
reduce it to two trivial equations and a nontrivial one that identifies
a plane of fixpoints, with equation ¢, x, + ¢y, + c3x;=d;
reduce it to one trivial equation and two equations

{xi -c;x, = d,

X =€y, = dj ,

where {1, j,k}=1{1,2,3} —you can convert those to parametric
equations for a line of fixpoints:

x;, =tc +d,
x; = tcj+dj
x, =1-1+0.

To find fixed lines g of an isometry ¢, note that ¢ maps points tP+ @
with P# O to points

A(tP+Q)+B=tP*+ @',
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where P*=AP and @' =AQ+ B. Thus ¢ maps the line g/ OP through
@ onto a line g’ / OP* through @’. It follows that g /g’ just in case
P* ig a scalar multiple of P. But ¢ preserveslength, so g /g’ justin case
P* =+ P. The first step in finding fixed lines is to find all vectors P
such that P* = £P. Solve the linear systems AP = +P —that is,
(Ax£I)P=0. Second, find the points @ for which g=g’. For each P,
both @ and @' mustlieon g, so

Q' -Q=AQ+B-Q=(A-1)Q+B=tP
for some ¢. You must solve the system
(I-A)Q+tP=B

of three linear equations in four unknowns: ¢ and the components of @.

That general procedure for finding fixed lines may be more involved than
what you really need. For these classification exercises, your main fixed-
line problem is probably to find the axis g of ascrew ¢: X~ X'=AX+ B
that has no fixpoint. Here’s a neater alternative for that special situation.
Since ¢ affects points X on g like a translation with vector V,

X -X=V=(X") -X,
AX+B-X=[A(AX+B)+B]-[AX+ B]
(A2 -24+1)X=(I-A)B
(I-A®X=(I-A)B.

You can find the points X on g by solving that singular linear system!

You can recognize a similarity X - AX + B with ratio r by computing
AA"=r%I; then classify the corresponding isometry X -~ r'AX+r'B.

These exercises are stated in terms of exact fractions. To get exact solu-
tions, youll need mathematical software that operates with exact fractions.!
You won't be able to carry out the computations by hand or by calculator
with decimal arithmetic.

You could convert each fraction in an exercise to a decimal approximation,
and use decimal arithmetic. Do some exercises that way, too! Carry as many
decimal digits as your calculator permits. You'll have to make certain decisions
in the classification procedure by testing whether some computed number
d =0. With approximate decimal arithmetic, you'll never get d =0 exactly.
So you'll have to decide how close to zero is close enough. In practice, that
can be a critical decision. It's important enough in some areas of computer
graphics that it’s worth covering in more detail there. But these exercises
provide exact fractions so you can clearly relate theory to computation without
worrying about approximation errors that depend on your equipment.

! X(Plore) (Meredith 1993) is a good choice.
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Exercise 24. For these matrices A verify that the equation X' = AX defines
an isometry or similarity ¢ : X~ X', and classify it.

6 _2 _3 1z 31 _36
71 7 49 49 49
2 3 6 24 38 23
(2) 7T 7 7 (b) 49 49 49
_3 _8 _2 4 12 24
77 7 49 49 49
[ 9518 131 526 i
9555 1911 9555 -6 2 3
142 1894 211
(c) 1911 1911 1911 (d) 2 -3 6
449 218 9482 3 6 2
| 9555 1911 9555 -

Solution, Part 1. Calculating AA'=AA=1T and det A= -1 shows that
@ is a self-inverse odd isometry—that is, a point or plane reflection. Solving
the singular linear system X = X' yields the equivalent single equation
%, +2x, + 3x; =0, so the fixpoints of ¢ are the points on the plane ¢ with
that equation. Thatis, ¢ = g..

Part 2. Calculating AA'=1 and det A=1 shows that ¢ is a rotation
about a line through the origin. Solving the singular linear system
X=X’ yields the equivalent system x, +'/7x,=0, x, + %75, =0, sothe
axis has equation X=¢R, where R=<-"V7, 5/,1>. Let OR be its positive
ray. The vector Y = <7,0,11> is perpendicular to the axis, Y’ =
<-3%49,-849,-5"/49> and cos/YOY' = -°"s. Since Y X Y’ is a positive
multiple of R, ¢ has angle parameter arccos(-°%s) ~ 171.8°.

Part 3. Calculating AA'=1, det A=-1, and det(A - I)#0 shows that
@ 1is a rotary reflection with center O and no other fixpoints; it’s not a
reflection. p¢ : X > X" = A’X 1is a rotation with the same axis as ¢ and
twice its angle parameter. Solving the singular linear system X=X" yields
the equivalent system x, +"/7x; =0, x, +°7x, =0, so the axis has equa-
tion X=tR, where R=<-'"Y,-%7,1>. Let OR be its positive ray. The
mirror is the plane & with equation RX =0, thatis, 11x, +5x, - 7x;=
0. The point Y =<7,0,11> liesin &, Y' = <-3%4, -89, -®Vi>,
and cos/YOY'=-"7s. Since Y X Y’ is a positive multiple of R, ¢ has
angle parameter arccos(-°%s) » 171.8°.

Part 4. Calculating AA'=491 shows that 7 A is orthogonal. Moreover,
det ¥7A =1 and (7A)*=1, so the transformation X ~ /7AX is the
half turn about a line g through O. Its fixpoints are the solutions of X =
7AX. Solving this singular linear system yields the equivalent sys-
tem x, - Y3x; =0, x, - 73x; =0, hence g has equation X =
t<'3,%,1>. Thus ¢ is the homothetic 180° rotation about g with
ratio 7. ¢
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Exercise 25. For these matrices A and vectors B verify that the equation
X' = AX + B defines an isometry or similarity ¢: X~ X', and classify it.
(a) Same A asexercise 24(a), B=<Y7 %, 21>;
(b) Same A as exercise 24(a), B=<5,6,7>;
(c) Same A as exercise 24(b), B=<Y7 %, %>;
(d) Same A asexercise 24(c), B=<%%/1g5, 8839, -61%/195>:
[ o518 131 526

9555 1911 9555

142 1894 211 968, _ 88 616

— e - = =< 5 — 5>
(e) A S o0 1o B 7195, °/39, - V195>
49 218 9482

| 9555 1911 9555

[-9518 -655 526
(fy A=| -710 9470 -1055 B =<968, 440,-616>.
~449 -1090 -9482

Solution, Part 1. Calculating AA’=1 and det A= -1 shows that ¢
is a glide or rotary reflection. Moreover, @¢ is the identity, so ¢ is a plane
or point reflection. Solving the singular linear system X=X’ yields the
equivalent single equation x, + 2x, + 3x; =4, so the fixpoints of ¢ are
the points on the plane & with that equation. That is, ¢ = g,.

Part 2. Calculating AA'=1T and det A= -1 shows that ¢ isa glide
or rotary reflection. Moreover, @@ is the translation with vector V =
<37, 87,-1%/1>, so ¢ is a glide reflection with vector '/2 V. The mirror of
¢ 1is that of the reflection X ~ AX + B - 2 V. Solving the singular
linear system X=AX+ B - %V yields the equivalent single equation
%, +2x, + 3x; =19, so the mirror of ¢ is the plane with that equation.

Part 3. Calculating AA'=1T1 and det A=1 shows that ¢ is a screw.
Solving the singular linear system X = X' yields the equivalent system
x, + Wrx,=""1, x,+ Y1x,=%1, so ¢ is a rotation whose axis g has
equation X=¢tR+ S, where R=<-",-%7,1> and S=<2/23/,0>. Let
OR specify its positive ray. The vector Y =<7,0, 11> is perpendicular
to R, and S lieson g, so g is perpendicular to the line through points
Sand Z=S+Y, and cos/Z0OZ’' = -*%s. Since Yx Y’ is a positive multiple
of R, ¢ has angle parameter arccos(-°%es) = 171.8°.

Part 4. Calculating AA'=1T and det A= -1 shows that ¢ is a glide
or rotary reflection. Moreover, det(A - I)# 0, so ¢ has exactly one fix-
point; it’s a rotary reflection. Solving X = X' yields the center Z =
<8195, %/20,-*% /195>, The axis g consists of the fixpoints of @@ : X~ X".
Inspecting the equation of @¢ reveals that g passes through O. Solv-
ing the singular linear system X = X” yields the equivalent sys-
tem x, +'"7x,=0, x, +°7x =0, so g hasequation X=¢R, where R=
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<-;. 54 1>. Let OR be its positive ray. The mirror has equation RX =

RZ, thatis 11x, +5x, - 7x; =44. Vector Y=<7,0, 11> is perpendicular
to R, so g is perpendicular to the line through points Z and W=Z+
Y, and cos/WOW’ = -%%s. Since Y x Y’ is a positive multiple of R, ¢
has angle parameter arccos(-°7s) =~ 171.8°.

Pari 5. Calculating AA'=1, det A=1, and A#1I showsthat ¢ isa
screw but not a translation. Moreover, det(A - 1) =0 but B# O, hence
there are no fixpoints— ¢ is not a rotation. A point X lies on its axis g
just in case

X" -X'=X"-X
[A(AX+B)+B]-[AX+B]=[AX+B]-X
(A2 -24+1)X=U-A)B
(A-T1)X=-(A-1)B.
Solving this singular linear system yields the equivalent system x, -
Vs =630, x, +'P/n 2 = 1% /639, so g has parametric equations
X=tR+Z where R=<Vu,-"%u,1> and Z = <?0%6/5539, - 21103217539 0>
Point Z lies on the axis, so the vectorof ¢ is V=2Z'-Z=<-%%/639,
17160 7639, - 98/7630>. Let V specify the positive direction. The vector Y =
<11,0,-7> is perpendicular to R, so g is perpendicular to the line through
points Z and W =Z+Y, and cos/WOW’' = -%7ss,.  Since
Y X Y'" is a positive multiple of R, ¢ has angle parameter
arccos (- ' ss22) ~ 177.1°.
Part 6. Calculating AA"=9555"1 shows that "/ess5.A is orthogonal and
@ 1is a homothetic rotation with ratio r = 9555. Solving the linear system
X' =X yields the fixpoint Z =
<M 188543916 o 501,830,247, — 20099727020/ 04 591,830,047 , — 28119319492/ 991 830,247 >

~ <0.101,-0.046,-0.064>.
For points X on the axis, X' - Z=r(X - Z). Solving this singular linear
system yields the equivalent system

12,996,160/ o -
5 {

X, - 7/11:)63 - 11 =0

Xy + 91 g + 108852800, 007010 = 0,
hence the axis g has equation X=tR + S, where

R=<"Vu,-"%mu,1>=<0.636,-17.727, 1>,

S = < 12996160/, 317111, - 10859528091 317111, 0> = <0.142,-1.189, 0>.
Let OR specify the positive ray. The vector Y=<11,0,-7> is perpendicular
to R, so g is perpendicular to the line through points Z and W =

Z+Y, and cos/WOW' = -3'3895. Since Y X Y’ is a positive multiple of
R, ¢ has angle parameter arccos(-**'73s22) = 177.1°. 4
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Reflection calculus

Just as in two dimensions, geometers have developed approaches to three-
dimensional geometry that rely very heavily on algebraic computations with
compositions of self-inverse isometries—plane and point reflections and half
turns. Because of the greater variety, these approaches are not so elegant
as their plane counterparts. The three-reflections theorems provide basic
tools in both two and three dimensions. The two-dimensional results are
theorems 6.4.7, 6.5.6, and 6.7.2, and exercise 6.11.32. Their analogs haven’t
appeared yet in this more streamlined chapter. They're presented as exer-
cises 26, 27, and 29. The intervening exercise 28 is an extension of lemma
7.5.2 that you'll need for exercise 29.

Exercise 26. Show that for any points P, @, and R, the composition
0p0,0y is the reflection across point S=P - @ + R, and PQRS is a
(possibly degenerate) parallelogram.

Solution. P@RS is a (possibly degenerate) parallelogram because
P - Q=S8 - R.Translations 0,0, and g5, are equal by exercise 7, hence
Op 0y 0p = 0. ¢

Exercise 27. Show that the composition ¢ of the reflections across three
planes is self-inverse in just three cases:

(a) they're all perpendicular to a single line g, or
(b) their intersection contains a line g, or
(¢) they’re mutually perpendicular.

Also show that in case

(a) ¢ is the reflection across a plane perpendicular to g, and
(b) ¢ is the reflection across a plane through g, and
(¢) ¢ is the reflection across the intersection of the three planes.

Solution. First, suppose the three planes «, §, and ¥ are all perpendicu-
lar to g, and intersect g atpoints A, B, and C. Point D=A-B+C
lies on g; let 0 be the plane perpendicular to g through D. Then &/
o,f,y and

0,040,= 0,0,0,0;0,0,0,= 0,05000,= 0p0, = 0.

Now suppose their intersection contains g. Select a point A on g; consider
the plane ¢ 1 g through A and its intersections a, b, and ¢ with «,
B, and y. The restrictions to ¢ of the reflections across o, £, and y are
the (two-dimensional) reflections of ¢ across a, b, and c¢. By theorem
7.2.1, for some line d through A in &, the restriction of ¢ to & coincides
with the (two-dimensional) reflection o, of &. Let J be the plane that
contains d and g. Since the even motion ¢@g; fixes all points on g, it’s
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arotation about g. But 0;(X)=0,(X) = ¢(X) for all points X in ¢, so
@05 must be the identity, hence ¢ = g;.

Third, suppose they're mutually perpendicular and their intersection is
apoint P. Then o,0;0,= gp by theorem 7.4.4.

Conversely, suppose ¢ is self-inverse. If =y, then the planes have
a common perpendicular line or their intersection contains a line. So assume
B#y.

If g7y, then g0, isa translation 7, with V# O. By exercise 16,
¢ = 0,1y, is a glide reflection, and 7, = g,¢. Since it’s self-inverse, ¢ =
o, for some plane &, so 040,= 7y = 0,¢ = 0,0,. Therefore, «,f,y,6 1
oV.

If Bny isaline g, then g,0, isarotation p about g. Since ¢ =
o,p is odd and self-inverse, it's a reflection across a plane J or a point
P. If ¢ =0, then o40,=p=0,0=0,05, and «, B, y, and ¢ all
contain g.

Now suppose ¢ = 0p. Select any point X on g; then o¢,(X) =
o, p(X)=pX)=0X). If 0x(X)=X, then X=P and X lieson «,
so P lieson «. Otherwise, the midpoint P of Xo,(X) lieson «. In either
case, P lieson «, so p = 0,¢ = g,0p, the half turn about the line per-
pendicular to « through P. Therefore, p =0,, « 1 g, and P lieson g.
Finally, £,y L a because f and y contain g, and G 1. ¥ because
0;,0,= p is self-inverse. ¢

Exercise 28. According tolemma 7.5.2, for any lines b and ¢ the composi-
tion og,0, is a screw. Fill in the blanks and prove this extension of the
lemma:

0,0, =t ifand only if ...;

it’s a translation if and only if ...;

it’s a rotation if and only if ...;

if it’s not a translation, then its axis is the line that’s perpendicu-

larto & and ¢, and its angle parameteris ...;

if it’s not a rotation, then its vector is ....

Solution. ¢ = 0,0, is a screw, and ¢ = ¢ if and only if b=c.

If b /e, selectany plane € 1 b, c; denote by B and C the intersections
of & with these lines. Then ¢ = g,0.0.0 = 0;0,. By exercise 7 that’s the
translation with vector 2(B - C).

On the other hand, if ¢ is a translation 7, let b’ = 7, [c]. By the
preceding paragraph, o0, 0,= 7,= ¢, so 0, = g,, hence b’ =05, hence
b /c. Thus ¢ isa translation if and only if b /¢, and in that case its vector
is 2(B - C), as described.

If bnc isapoint P, denote by S, ¥ the planes perpendicular to b, ¢
through P. Then ¢ =o0,0p050,= 050,, arotation about the line g 1 b,
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c¢. Its angle parameter is twice the measure of one of the dihedral angles
formed by £ and y.

If b and ¢ are skew, they have a unique common perpendicular line
a that intersects them at points B and C. Denote by # and ¥ the planes
determined by a with b and ¢. By the proof of lemma 7.5.2, ¢ is a screw
with axis a and vector 2(B - C), and its angle parameter is twice the
measure of one of the dihedral angles formed by f and y. Thus ¢ isa
rotation if and only if b N ¢ is a point, and in that case its axis and angle
parameter are the line a and parameter @ as described.

Finally, if ¢ is not a translation, its axis and angle parameter have been
described, and if it's not a rotation, its vector has been described. ¢

Exercise 29. Show that the composition ¢ of the half turns about three
lines is self-inverse in just three cases:

(a) the lines are mutually perpendicular, or
(b) some pair of them is parallel, or
(c) they have a common perpendicular line m.

Show also that in case

(a) ¢=1,
(b) ¢ is the half turn about a line [,
(¢) ¢ is the half turn about a line I L m.

Solution. Suppose lines g, h, and k are mutually perpendicular, meeting
at point P, and denote by 7 and x the planes through P perpendicular
to g and h. Then g,0,0,= 0,0,0,0,0,=0,0.0,=0,0,=1.

Next, suppose g / h, and consider any line k. By exercise 28, 0,0, is
a translation 7 with vector V, and 0,0, = g,0,, where I =1, [k]. Thus
0,0,0,=0,. If g were arbitrary but h / k, then by the same argument,
0,,0,0,= 0, for some line [, and 0,= 0, = g, 0, 0,. If h were arbitrary
but g/ k, then by the same argument, ¢,0, 0, = g, for some line /, hence
0,0, = 0,0,, 80 0,0,=0,0,, and 0,0,0,= 0,0,0,= ity

Third, suppose lines g, h, and & have a common perpendicular line
m. By exercise 28, 0,0, is a screw, and there’s a line [ L m such that
0,0, = 0,0, hence 0,0, 0, = 0,. Thus, in cases (a) to (¢c), ¢ isthe iden-
tity or a half turn, as described.

Conversely, suppose 0,0, 0, is self-inverse. If it’s the identity, then
0,0,= 0, and g,h,k are mutually perpendicular by exercise 28. If
0,0, 0, = g, for some line [, then g, 0, =g, 0,. If k /1, then by exercise
28, 0,0, = 0,0, is a translation, hence g /h. Otherwise, by exercise 28,
0,0, = 0,0, is a screw but not a translation, and its axis m is perpen-
dicularto g, h, k, and [. ¢

Exercise 30 is the three-dimensional analog of exercise 6.11.9.
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Exercise 30. Show that every isometry ¢ is the composition of two self-
inverse isometries. Suggestion: Consider separately the various types of
isometry.

Solution. If ¢ is a glide reflection with mirror &, then ¢ = g,7 for some
translation z with vector parallel to ¢. Therefore, 7= 0,¢, for some points
P and @ on ¢, so ¢ =0,0p0,= 0,0,, where h isthe line through P
perpendicular to e.

If ¢ is arotary reflection with mirror &, then ¢ = po, for some rotation
p with axis perpendicular to e. Therefore, p = 0,0; for some planes
Y,0 L¢& so ¢ =0,0;,0,=0,0, where g=dne.

If ¢ is ascrew with axis &, then ¢ = pr for some rotation p with axis
g and some translation with vector parallel to g. Then p = 0,05 for some
planes y and ¢ through g, and 7= 0,0, for some planes ¢, {1 g, so
¢ = 0,050,0,= 0,0,0,0,= 0,0,, where h and k are the intersections of
y and 0 with ¢. ¢

Working in the 1920s and early 1930s on the two-dimensional reflection
calculus—see that heading in section 6.11—Gerhard Thomsen evidently
considered analogous three-dimensional questions. Thomsen’s Ph.D. stu-
dent H. Boldt developed that material into a full theory, published as his
dissertation in 1934. It isn’t as clean as its two-dimensional counterpart.
That’s understandable; three-dimensional theorems are generally more
complicated. Asyou've seen in previous exercises on commuting reflections
and on the three-reflections theorems, enlarging the class of nontrivial self-
inverse isometries from two types to three brings minor complications to
almost every elementary theorem. Consequently, even only slightly less
elementary results become unwieldy when stated solely in terms of reflec-
tions and half turns. Exercises 31 and 32 are taken from Boldt 1934. They're
closely related to the two-dimensional reflection calculus exercises in
section 6.11.

Exercise 31. Describe the figure formed by points A, B, C, and G for
which o,05050;0,0,= 1. Find an analogous result with points A,
B, C, D, and G. Suggestion: Reason with vectors.

Solution. The first result is analogous to the two-dimensional exercise
6.11.33: G must be the centroid of AABC. Its proofis the same.

If A to D are collinear, then o0,0,050;0,0;0,0; =t just when the
figure consists of four collinear points and their “average.” If A to D are
coplanar but not collinear, then the figure consists of these points and their
“average.” If A to D are noncoplanar, it's the tetrahedron ABCD with
its centroid G. ¢
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Exercise 32, Part 1. Under what conditions on lines g and A is
0,0,0,0, =17

Part 2. Under what conditions on a line g and points P and @
18 0,0p070,050p=1?

Part 3. Under what conditions on a line g and points P and @
18 0,0p070,0p045=1?

Part 4. Under what conditions on lines g and A do there exist points
P and @ suchthat o,0, = 0,0,?

Part 5. Under what conditions on lines g and A do there exist points
P and @ suchthat o,0,0,0,= 0,0,?

Suggestion: Exercise 28 is helpful.

Solution, Part 1. Since ¢ = 0,0, is even, this equation holds if and only
if ¢ is the identity or a half turn. By exercise 28, that happens just when
g=hor gL.h.

Part 2. The equation holds if and only if ¢,7,» ¢, = 0,0p07= 0p0y0, =
Tap-q)Jg- BY theorem 7.5.1, this happens just when P=@, or PZ @
and g/ PQ.

Part 3. ¢ = 0,050, is even. Moreover, ¢ # 1 since g, can’t be the
translation 0,0,. Thus the equation holds if and only if ¢ = g;, for some
line h, thatis o,0, = 0,05. By exercise 28, 7,0, is a translation just
when g 7 h, and in that case the translation vector 2(P - @) is parallel
to a line perpendicular to g and h. Therefore the equation holds just when
P=@Q, or PZQ@ and PQ is perpendicular to some line parallel to g.

Part 4. By the argument for part (3), P and @ exist just when
ghh.

Part 5. ¢ = 0,0, is a screw and 0,0, is a translation, so P and @
exist if and only if ¢ has angle parameter 0° or 180°. By exercise 28,
that happens just when g=~h, or g is parallel to a line perpendicular
to h. ¢
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Concepts
Examples of functional and ornamental symmetry
Subgroup relationships among symmetry groups
Interior of a simple closed polygon
Triangulation
Convex polygons
Involutions
Generating sets of groups
Generators of translation groups
Polyhedral models
Schlegel diagrams
Inradii and circumradii of regular polyhedra
Interior of a polyhedron

This section contains forty-one exercises related to earlier parts of the chapter.
Their chief goal is to introduce the detailed study of examples of the types
of symmetry considered here. In eleven of these exercises you'll examine
functional and ornamental designs incorporating polygonal symmetry,

145
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friezes, wallpaper patterns, and polyhedral symmetry. Youll determine
their symmetry groups and see how they’re related. In five more exercises
you'll search for further examples of symmetric design. Perhaps you can
challenge other readers to classify these and find even more interesting ones.
A few exercises complete some discussions in earlier sections. But there’s
no effort here to introduce new topics. To extend the scope of the inquiries
in this text, go to the literature. The references in earlier sections, particularly
those in the chapter introduction, should point the way. Bon voyage!

General exercises

The first two exercises encourage you to become alert to examples of symmetry
all around you. When you discover a new example, you should consider
whether the symmetry is functional or ornamental, and what other types
of symmetry could have served the design just as well.

Exercise 1. Figure 8.5.1 shows some household objects. Describe their
symmetries. Is symmetry necessary for these designs? Could the designers
have used other symmetry types?

Solution. Not available. ¢

Exercise 2. Find and describe more examples of household symmetry,
comparable to those in figure 8.5.1.

Solution. Not available. ¢

Exercises on polygons and polygonal symmetry

In exercises 3 to 5 you'll continue exploring examples of symmetry, finding
and analyzing functional and ornamental polygonal designs. After that,
two exercises remind you of the role of matrix algebra in this subject, and
study the relationships between various polygonal symmetry groups. The
last two exercises investigate the notion of regular polygon a little more deeply
than section 8.1, and make the connection between the notion of simple closed
polygon used here, and that of polygonal region introduced in chapter 3.

Exercise 3. Identify the symmetry groups of the ornaments in figure 8.5.2,
from the San Ildefonso, Mimbres, Mescalero Apache, Cochiti, and Pima
cultures of the southwestern United States.

Solution. (a) ..... Y,
(b) .. € (c)... 2,
(d)y .. & (e)... €.
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Figure 8.5.1 Figure 8.5.2
Household symmetry Five symmetric
examples’ designs?®

Exercise 4. Classify uppercase Latin and Greek letters according to their
symmetry groups. Use the most symmetric typefaces you can find. How
about letters in other alphabets?

Solution. AMTUVWANWQ BCDEKX FGPR HI®=® 4Qr
L NSz 0 x TA

You could also argue that all letters with exactly one line of symmetry should
be classified together. ¢

Exercise 5. Survey functional and ornamental symmetric polygons. Find
examples of designs or ornaments with €, or %, symmetry groups, for

! Photograph by the author.
2 From Kate 1997.
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n=2,3,4,.... Goup toaslarge an n asyoucan. Consider these categories
or others you might think of:

(a) Household objects, as in figure 8.5.1.

(b) Coins, medals, medallions. Find familiar examples with seven
or eleven vertices.

(c) Nuts, bolts, and other tools and machinery. What kind of nut
has five edges?

(d) Logos, as in figure 8.5.3.

(e) Roadsigns. For example, the Kansas highway sign in figure 8.5.4.

(f) Architecture: rooms and buildings.

(g) Ornament. Analyze the plate by contemporary San Ildefonso artist
Tse-pe in figure 8.5.5. (It’s rich brown, with smooth and rough
textures and a turquoise pebble.) Which symmetry groups
areemployed in the two-century-old jar in figure 8.5.6 from nearby
Tesuque Pueblo? Find other examples from various cultures.

(h) Flowers, fruits, vegetables.

Solution. (b) Many police emblems have %, symmetry. The Susan B.
Anthony U.S. dollar and Canadian “loonie” dollar each have eleven edges.

(¢) Fire hydrants have rare pentagonal nuts so that only firemen can
open them easily.

(e) @,, ignoring numerals and rivets.

L O
 JERs

Figure 8.5.3 Figure 8.5.4

Symmetric logos Kansas highway sign®

3 Photograph by the author.
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Figure 8.5.5 Figure 8.5.6
Plate by Tse-pe* Tesuque jar’

(f) The plate is basically a ¥, design. Tse-pe added swirling bear motifs
to suggest @,, then placed different designs inside them to break the
symmetry entirely. The ---BBBB:‘- frieze around the jar top is wound into
a €,, orperhaps €5 pattern. The left-hand design appears to have @,
symmetry. The border of the right-hand patternis @,;. The flower inside
itis @,. ¢

Exercise 6. Find the matrices for the elements of a % group with center
at the origin.

cosnf sinnf cosnf sinnf

Solution. an for 6=60° and

-sinn@ cosnd sinnf -cosn

n =0 to 5, by the discussion in section 6.8. ¢

Exercise 7, Part 1. For which m and n isa €, group a subgroup of a
€, group? In that case, how many subgroups are isomorphic to it? Are they
all conjugate?

Part 2. Same as part 1 for €, and 2,.

Part 3. Same as part 1 for %,, and %,.

Part 4. How many subgroups hasa @, or %,; group?

* Dillingham 1994, 243.
5 Frank and Harlow 1974, plate 39.
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Solution. A €

m

or ¢, group if and
only if m divides n. In that case there’s just one €, subgroup, but n/m
%)

subgroups. %, and %,; groups have sixteen subgroups. ¢

or ¥

m

group is a subgroup of a %

n

m

Exercise 8. Suppose the n vertices of a simple closed polygon 17 fall in
order on a circle.

Part 1. Show that I7 is regular if its edges are all congruent. What if
the vertices are not in order, or don’t fall on a circle?

Part 2. Show that [T is regular if its vertex angles are all congruent
and n is odd. What if n is even?

Solution, Part 1. Use the SSS congruence principle. If the vertices lie
on a circle, they must fall in order. If they don’t lie on a circle, the polygon
needn’t be regular—-consider a nonsquare rhombus.

Part 2. If IT is a triangle, the result is obvious. Otherwise, consider
successive vertices A to D and the center O of the circle. Theorem 3.13.6,
with some arithmetic, implies ZAOB = /COD, hence AB=CD. This pattern
persists around the circle, and implies that all edges are congruent if n
isodd. If n iseven, IT needn’t be regular—consider a nonsquare rectangle. 4

Exercise 9, Part 1. Define the notion interior of a simple closed polygon
IT. Suggestion: This is harder than it seems. First, show how to find some
point E that clearly should be called exterior. The interior points X are
those for which the segment EX crosses /7 an odd number of times. Now
you need to define the word crosses.

Part 2. Let IT be the union of a simple closed polygon 77 and its interior.
Devise instructions—a triangulation algorithm—for dividing /7 into
triangular regions that intersect only along edges. This will show that 77
is a polygonal region as defined in section 3.8. Suggestion: This, too, is harder
than it seems, and you probably won’t find a completely reliable algorithm.
But you'll learn by proposing one and defending it against or accepting others’
objections. If IT is convex—that is, two vertices never lie on different sides
of any edge line—the problem is simpler. You'll find it discussed in books
on computational geometry; for example, see Preparata and Shamos 1985.

Solution, Part 1. A polygon lies inside some circle; choose E outside
that. In defining cross you have to handle cases where EX contains a ver-
tex or edge of /1. Or, you could choose E so that doesn’t happen.

Part 2. Not available. ¢

Exercises on frieze groups

Exercises 10 to 12 continue your exploration of functional and ornamental
symmetry examples. After those, two exercises clarify the relationship
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Figure 8.5.7
Five American friezes®

between conjugacy and isomorphy of frieze groups, and introduce the use
of generators for describing isometry groups. Exercise 15 asks you to devise
a frieze classification tree more compact than the one in section 8.2.

Exercise 10. 1dentify the symmetry groups of the friezes in figure 8.5.7
from various cultures of the southern and southwestern United States.

Solutton. (a) ---NNNN--- (c) --AAAA---

Exercise 11. Classify friezes constructed from repeated letters of the upper-
case Latin and Greek alphabets, using the typefaces you chose in exercise
4. Which friezes are classified the same, even though the letters are classified
differently? Which frieze groups fail to occur? Can you construct examples
of those using repeated pairs of letters? Which pairs?

Solution.
W - Q000 -}
5553 )

6 From Kate 1997. Figure 8.5.7(e) has been altered slightly to enhance its symmetry.
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{HHHH,IIII,OOOO,XXXX,,
{FFFF’GGGG’JJJJ’LLLL’PPPP’
QQQQ’RRRR’rrrr}

Inthe ---MWMW--- frieze class, there’s ---VAVA---. You could also change
the U typeface to II and pair it with II to get ---IIIIIIII---. Finally, in
the ---pbpb--- classis ---LTLI - ¢

Exercise 12. Survey functional and ornamental friezes. Consider these
categories and others you may think of:

(a) border ornaments on clothing and flat art works;

(b) pottery decoration;

(c) architectural ornaments, fences, balusters, and gratings;
(d) tools.

Find friezes representing all seven classes.

Solution. Not available.

Exercise 13. In section 8.2, frieze groups are partitioned into conjugacy
classes. But frieze groups may be isomorphic without being conjugate. Divide
them into isomorphism classes. Suggestion: To prove that two of these groups
are nonisomorphic, concentrate on their tnvolutions—self-inverse elements
different from the identity.

Solution. The ---AAAA---, ---NNNN---, and ---MWMW:-- groups are
isomorphic; they contain many involutions, no two of which commute. The
---BBBB--- groups contain exactly one involution. The ---FFFF--- and

~--pbpb--- groups are isomorphic; they contain no involutions. The
~-*HHHH -+ groups contain distinct involutions that commute. Therefore
there are exactly four isomorphism classes:

To obtain an isomorphism from an ---AAAA--- group to an ---NNNN--- group,
map reflections to half turns. To obtain an isomorphism from an
~*MWMW--- group to an ---NNNN--- group or from a ---pbpb--- group to an
---FFFF--- group, map glide reflections to translations with the same vector. ¢

Exercise 14. A subset % of a group % generates it if no proper subgroup
of ¥ contains .# For example, a finite cyclic isometry group is generated
by a set consisting of a single rotation; the corresponding dihedral group
is generated by a set consisting of that rotation and a single reflection. Find
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generating sets as small as possible for each of the conjugacy classes of frieze
groups. Which have two-element generating sets? Which have generating
sets consisting solely of involutions?

Solution. Consider

a nontrivial translation z,

distinct lines v,w L 7 and A/ 7,

distinct points P, @ on A butnoton v,

the glide reflection y with axis A and vector Y2 T.

Here some generating sets. Only the indicated groups have two-element
or involutory generating sets.

Generating Generating set

Group set of tnvolutions
--AAAA--- T, 0, o,, O,
---BBBB: - T, 0,

~-FFFF--- T

~-HHHH--- T, 0,, 0, o, Oy, Op
--NNNN--- T, Op Op, 0g
..MWMW... 7/’ 0-P

Exercise 15. Since there are seven conjugacy classes of friezes and 7 <
23, it must be possible to classify a frieze with at most three successive
questions. Design a tree with that property; try to keep the questions as
simple as possible.”

Solution. See figure 8.55.1. ¢

Exercises on wallpaper groups

These five exercises on wallpaper groups continue the emphasis of the previous
exercises. You'll survey and analyze more examples of symmetry and clarify
the use of generators for describing these groups. Exercise 20 investigates
the subgroup relationships between wallpaper groups. It shows why you
can’t use this concept to describe why one wallpaper pattern might seem
more symmetric than another, and may give you an idea why it’s sometimes
80 hard to classify wallpaper patterns.

7 Designing efficient decision trees is a challenge. For example, the key to central Californian
marine shelled gastropods in Light et al. 1961, 243 —259, organizes about ninety species.
Unlike the frieze tree, that one doesn’t ask the same question of each branch at each level,
80 it can be more efficient. But its depth is twelve, considerably greater than the theoreti-
cally optimal 7 = log,90 |. You may have to ask as many as twelve questions to classify
a particular specimen—for example, Acmaea limatula.
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= no/yes =

| ’ |
| g | —h 5
| | | ---HHHH- -

[ S— [ S o S—
O: half turn? o: any reflection?
y . glide reflection? h: horizontal reflection?
Figure 8.5S.1

Exercise 15 solution®

AR

L
%

(a) (b)

Figure 8.5.8 (part 1 of 3)

Example wallpaper patterns®

Due to Martin 1982, privately distributed solutions manual, 24.

(a) is an Iranian design from Wade 1982. (b) and (c) are Arab ornaments and (d) to
(j), Japanese kimono and obi designs, from Audsley and Audsley [1882] 1968. The latter
authors and their contemporaries termed these diaper ornaments, not because of their
functionality, but because diaper stems from Greek words meaning all white. These
patterns are designed to be printed on plain white cloth!
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(d)
20
Reedly Rl

(e) ()

Figure 8.5.8 (part 2 of 3)
Example wallpaper patterns

Exercise 16. ldentify the symmetry groups of the ten wallpaper patterns
in figure 8.5.8.

Solution. (a) p3Im (b) pdml1 (c) p6 (d) p4 (e) pdm
(f) pm  (g) pbm (h) pI (i) emm (j) pgsg ¢
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Figure 8.5.8 (part 3 of 3)
Example wallpaper patterns

Construct examples of all classes of wallpaper patterns from

repeated letters of the upper- or lowercase Latin, Greek, or Cyrillic alphabets.

Exercise 17.
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Use the typefaces you chose in exercise 4. When possible, use single-letter
motifs. You may vary their spacing to produce different symmetries. Use
motifs based on two or more letters if required. But use letter O only as
absolutely necessary. (You should have to resort to that in only three cases.)

Solution. pl: FFF em: A AA pm:  AAA
FFF AAAA AAA
FFF AAA AAA
pg: A A A p6: Construct the pém: 00O
A A A figure 8.3.2 0oo0o0oO
A A A motif from 0’s. 00O
A A A
p3: Construct the p3ml: YT p3Im: T R
figure 8.3.19 TTTY Y Y Y
motif from 0’s. TTT T Y
p4: pdm: X XX pdg: HZ H=xT
X X X HxT H=x
— Hx H
p2: NNN cmm: HHH pmm: HHH
NNN HHHH HHH
NNN HHH HHH
pmg: NUNMU p8s: ZNZN
NUNW nzmnz
NUNW ZNZn
NUNW NZNZ . ¢

Exercise 18. Use this book’s references, your library, museums, and
commercial shops to find more examples of wallpaper patterns. In particular,
find examples of the classes not represented in exercise 16. Challenge other
readers to classify them.

Solution. Not available. ¢

Exercise 19. Suppose ¢ and y are the fundamental translations of a
wallpaper group 94, and consider any integers m,, m,, n,, and n,. Show

that ¢"'y"' and ¢"2y"* generate the group of all translations in 2 if
and only if
m, n
det| ' ! Z0.
my N,
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Solution. These translations generate the translation group if and only
if for all integers m and n there exist integers p and g such that

m n —

o"r" =™y (9" ™)
that is, if and only if for all m and n there exist p and q such that

me+ny=(pm,+qmy) ¢+ (pn, +qn,) 1.
Since ¢ and 7 aren’t parallel, this equation is equivalent to the pair of

equations m = pm, +qm, and n=pn, +qn,. The theory of simultaneous
linear equations yields the desired result. ¢

Exercise 20. Consider p3ml1 and pIm3 groups % and .# Show that
each is isomorphic to a subgroup of the other. Find another pair of wallpaper
group classes with this property. Suggestion: Find a p3m1 pattern inside
a plm3 pattern, and vice versa.

Solution. Delete two of every three motifs from the p3m1lI pattern P
in figure 8.3.20 to get the pIm3 pattern @ in figure 8.5S.2. Since you can
reconstruct P from @, every symmetry of @ is a symmetry of P. That
is, the pIm3 symmetry group ¥ of @ is a subgroup of the p3m1 group
# of P. The same process applied to figure 8.3.21 yields figure 8.5S.3 and
shows that a p@m1 group is a subgroup of a pIm3 group. It follows that
S 1is isomorphic to a subgroup of ¥.

Only two other pairs of classes of wallpaper groups have this property:
pm,cem and pmm,cmm. It's psychologically easier to detect analogous
relationships between figures 8.3.11 and 8.3.12 (pm and cm) and between
figures 8.3.29 and 8.3.28 (pmm and cmm).'* ¢

b > b A A A
- y A A A
> > > A A A
- > A PN BN
A A A
> > > AL 1 A
> > A A A
> > > A A A
Figure 8.55.2 Extracted Figure 8.55.3 Extracted
from figure 8.3.20 from figure 8.3.21

10 Gee Coxeter and Moser 1965, section 4.6.
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«@

At first thought, it seems reasonable to call a figure G “at most as
symmetric as” a figure H if the symmetry group ¢ of G isisomorphic
to a subgroup of the symmetry group .# of H. But exercise 8.5.20 belies
that; it’s possible that each group is isomorphic to a subgroup of the other,
yet the two figures have different symmetry properties. You can show that
this can’t happen for cyclic and dihedral groups, or for the frieze groups.
Perhaps this phenomenon accounts for the difficulty we sometimes have
in distinguishing the symmetry properties of wallpaper patterns.

Exercises on polyhedra

Models are the best tools for studying polyhedra. Beautiful, expensive
commercial products are available." Since they’re either ready-made or
require assembly and fastening with glue, they don’t offer much experience
in construction. You don’t get the insight that results from trying several
times to fit the faces together. However, there’s a simple way to construct
models with inexpensive materials.

To make a regular tetrahedron, for example, first decide on the edge length.
3 inches works well.”? You need a piece of stiff cardboard—railroad board
is best—large enough that you can cut from it five equilateral triangles with
edges somewhat longer than 3 inches. Cut out one equilateral triangle T
as in figure 8.5.9 to use as a template. Use right triangle trigonometry to
compute the T edge length 3+ 2 /3 = 3.87 inches, and to locate points
A, B, and C near the vertices Y4 inch from the edges. Puncture 7T at

/hpTemove corners

" score arlld bend

Figure 8.5.9 Equilateral Figure 8.5.10 Equilateral
triangular face template triangular face for models

1 See Symmetrics [no date], Cuisenaire Dale Seymour Publications 1998, and Key Curricu-
lum Press 1997-1998, or more recent editions of these catalogs.

12 Stewart (1980) recommended these specifications. The edge length, tab width, hole
diameter, rubber-band dimension, and rigidity of the railroad board must be compatible.
Different specifications could produce a model that sags or buckles.
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those spots with holes just large enough to accommodate a pencil point.
Use the punctured T as a template to make four copies 7" with pencil
marks at A, B, and C. With straightedge and stylus score the edges of
AABC. With pencil mark the segments S from those points perpendicular
to the nearest edges. Use a hand punch to make circular holes with diameter
Y4 inch centered at A, B, and C. Make scissor cuts along the remaining
portions of segments S, removing the corners from triangles 7”. The
resulting face components resemble figure 8.5.10. Bend the rectangular
flaps away from you along the scores. Use them as exterior tabs with
1%4 -inch rubber bands to attach faces to each other. You've now assembled
a regular tetrahedron with exterior tabs. The tabs make the model less than
ideal in appearance, but that's an acceptable trade-off for ease of manufacture,
disassembly, and reuse.

You should make a stock of triangular, square, pentagonal, hexagonal,
..., tabbed faces, with the same edge length, and acquire a supply of rubber
bands of the appropriate type. When you're finished with a particular model,
you can disassemble it for easy storage, or for reuse of its components.'

Exercise 21. Make and thoroughly inspect models of the polyhedra considered
in section 8.4.

Solution. Not available. ¢

Exercise 22. Describe the following intersections, including all possible
cases:

(a) ofaregular tetrahedron with a plane parallel to two opposite edges,

(b) of acube with a plane perpendicular to the line joining two opposite
vertices,

(c) ofaregular octahedron with a plane parallel to two opposite faces,

(d) of a regular dodecahedron with a plane parallel to two opposite
faces,

(e) of aregular icosahedron with a plane perpendicular to the line
joining two opposite vertices.

Solution. See figure 8.55.4. ¢

A Schlegel diagram for a convex polyhedron is a perspective image of its
edges on the plane of one face F, with exterior focal point so close to F
that the images of all the other edges fall within F. For example, figure
8.5.11 is a Schlegel diagram of a cube, with focus near the center of a face
F. The outside square is the image of F'; the inside one, that of the opposite
face. Evidently, a Schlegel diagram for a polyhedron with n faces divides

13 Stretched rubber bands may deteriorate if the model is stored assembled.
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(a) | [ O |
(b,c) A truncated | regular | truncated \Y%
A hexagon v
(d,e) regular | truncated | regular | truncated | regular
pentagon | regular decagon | regular pentagon
decagon decagon | (inverted)
(inverted)
Figure 8.55.4

Exercise 22 solution

the plane into n - 1 polygonal regions and a surrounding unbounded region
representing the face nearest the focus.

Exercise 23. Why is the use of Schlegel diagrams restricted to convex
polyhedra? Make Schlegel diagrams for the regular polyhedra, cuboctahedron,
rhombic dodecahedron, equilateral triangular and pentagonal prisms and
dipyramids, square antiprism, and the deltahedrally stellated triangular
prism.

Solution. Were the polyhedron nonconvex, some rays from the focus might
intersect it more than once, so the image would be ambiguous. Figure 8.55.5
displays the diagrams. ¢

Exercise 24. Consider a regular polygon P with n edges. Describe the
duals of the right prism with base P and the corresponding equilateral
pyramid, dipyramid, and antiprism.

Solution. The prism and dipyramid are dual to each other; the pyramid
is self-dual. The dual of the antiprism is constructed from 2n kites. ¢

Figure 8.5.11 Schlegel
diagram of a cube
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-\

(a) Regular (b) Regular
tetrahedron octahedron
(c) Regular (d) Regular
dodecahedron icosahedron
(e) Cuboctahedron (f) Rhombic
dodecahedron
(g) Equilateral (h) Equilateral
triangular prism triangular dipyramid

Figure 8.55.5 (part 1 of 2)
Schlegel diagrams: exercise 8.5.23 solution
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b2

(1) Equilateral (3) Equilateral
pentagonal prism pentagonal dipyramid
(k) Square (1) Deltahedrally stellated
antiprism triangular prism

Figure 8.55.5 (part 2 of 2)
Schlegel diagrams: exercise 8.5.23 solution

Exercise 25, Part 1. Following the discussion under the section 8.4 heading
Regular polyhedra, consider a regular octahedron ¢ whose vertices are
the points with coordinates +£1 on the axes of a Cartesian coordinate system.
Locate points on the edges of ¢ that form the vertices of a regular icosahedron
4. Find the coordinates of the centroids of the faces of .#, and show that
they form the vertices of a regular dodecahedron. Suggestion: You'll need
the exact formula for the cosine of an interior angle of a regular pentagon
—see exercise 4.9.1 and section 5.5.

Part 2. Compare this proof that a regular dodecahedron exists with
Euclid’s."

Solution, Part 1. One face of the octahedron has centroid C, =
<3, Y, 3> Onits edges locate points

A=<¢t,1-1,0> B=<0,t,1-t> C=<1-1t,0,¢t>,

4 Tuclid [1908] 1956, book XTI, proposition 17.
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where t = -% + Y% /5. These are the vertices of the icosahedral face
AABC with centroid C,. Neighboring icosahedral faces are AZAB
and ABCD, where Z=<0,¢,-1+¢> and D=<-1+¢,0,¢>, with centroids

t 1+1¢ t 1+1¢
¢,= (4,150 _ (0,1 15t
1 <3 3 >, Ce < 3 3 >

It’s easy to check that C,C, = C,C,. This situation is general enough to
show that the centroids of the icosahedral faces are equidistant from each
other. The point E=<-¢{,1 -, 0> forms a vertex of two more icosahedral
faces ABDE and ABZE. The centroid of the latter is

c,=(-L 1t o),
37 3

It's easy to check that C, to C; are coplanar. This situation is general enough
to show that the centroids of the five icosahedral faces that share a common
vertex are coplanar, hence they form the vertices of a dodecahedron, each
of whose edges has length C,C, =%3t. The cosines of the angle between
C, - C, and C, - C, and that between C, - C, and C; - C, are

(Cy-C) (G -Cy) _¢2-3t+1  (C3-C)(Co-C)) _ 2¢(1-1)

C,C, C,C, 9 C,C, C,C, 9

These are equal because 2¢(t - 1) - (¢*-3t+1)=t>+¢t - 1=0. Infact each
of these cosines equals 4 - V4 /5 = cos 108°, so C, to C, are vertices of
a regular pentagon, and the dodecahedron is regular. ¢

Exercise 26. Define the notions inradius r and circumradius R of a regular
polyhedron #. The closer R/r isto 1, the closer % is to spherical. For
each regular polyhedron derive a formula for this ratio. Do your results
justify Plato’s claim that the regular dodecahedron is most like a perfect
sphere?

Solution. O will denote the centroid of &; V a vertex; s its edge
length; M an edge midpoint; and G, a, and b the centroid, inradius,
and exradius of a face.

By exercise 5.11.7, for a regular tetrahedron, O lies % of the way from
V to the opposite G. Since OV=R and OG =r, it follows that R/r =
3. For the cube, R="2s{/3 and r="2s, so R/r= 3.

For the regular octahedron, R ="2sy/2 and h="2sy/3. Right triangle
AOGM, where G and M lie on the same face, has legs r and "3s and
hypotenuse Y2s. Pythagoras’ theorem yields r="6sy/6, hence R/r= 3.

Inspect a regular pentagon to determine a = 2s/tan36° and b =
" s/sin 36°. Use exact values for tan 36° and sin 36° calculated from exercise
4.9.1 or by computer algebra software. Locate figure 8.5S.6 in a regular
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Figure 8.55.6 Analyzing Figure 8.55.7 Analyzing
a regular dodecahedron a regular icosahedron

dodecahedron. First, notice that 20 +24 + 2y =180° so that a + f+ y =
90°. Thus OMVM' is a trapezoid and Pythagoras’ theorem yields
x%+ (x - Y2s)* = (a + b)*. Solve this equation for its positive root x, use
r?=x%-a® toget r, R®*=r2+ b®> to get R, and finally compute
R/r=415-6/5. (Use algebra software to manipulate the radicals.)

An equilateral triangular face of the regular icosahedron has altitude
h=Ysy3, so a=Ysh="%%sy/3 and b=%h="ssy/3. Locate figure
8.55.7 in a regular icosahedron. First, notice that 20+ 24+ 2y = 180° so
that o« + f+ ¥y =90°. Thus OMVM’' is a trapezoid. The computations
described in the previous paragraph lead to new values for x, r, and
R, but the same ratio R/r =15 -6y5. In summary,

Polyhedron R/r
Regular tetrahedron 3
Cube, regular octahedron V3 = 1.7

Regular dodecahedron, icosahedron Y15 - 645 = 1.3

In this regard, the dodecahedron and icosahedron are equally near
perfection! ¢

Exercise 27. For each regular polyhedron, compute the dihedral angle
between adjacent faces. (You'll need this information for beveling should
you plan to build finely joined models.)

Solution. For the tetrahedron, consider right triangle AVGM (using
the notation of exercise 26) with G and M opposite V: the hypotenuse
is the face altitude h, one legis “3h, and the angle & between them
measures the desired dihedral angle: cos 8="Y3, so €=arccos’s= 70.53°.
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For the cube, the dihedral angle is 90°. The discussion under the heading
Regular polyhedra in section 8.4 shows that the dihedral angle of the octahe-
dron is supplementary to that of the tetrahedron, hence it’'s approximately
109.47°. For the dodecahedron the dihedral angle & is measured by
m/GM'G" in figure 8.55.6. The computation described in the solution of
exercise 26 yields

0:2arccosa/x:2arccos‘/é 7%0 5 = 116.57°.

For the icosahedron the dihedral angle € is measured by m/GMG' in figure
8.55.7. The computation described in the solution of exercise 26 yields

0 =2 arccosa/x =2 arccos @ ~ 138.19°. ¢

Exercise 28. The paragraph in section 8.4 that enumerates the symmetry
group J; of the regular tetrahedron only mentions eighteen isometries.
What are the other six?

Solution. £90° rotary reflections with axes joining midpoints of opposite
edges. ¢

Exercise 29, Part 1. Each symmetry of a cube permutes the four lines
through opposite vertices. The twenty-four rotational symmetries correspond
bijectively with those permutations. Label the axes and choose angle
parameters for the rotations conveniently, then describe such a bijection
explicitly.

Part 2. Describe in detail the odd symmetries of a cube.

Solution, Part 2. There are 24 altogether. 9 are reflections, so 15 must
be rotary reflections with nonzero angle parameters. 8 =4 X 2 of these have
mirrors halfway between opposite vertices. 6 =3 X 2 have mirrors parallel
to faces. The remaining one is the reflection across the cube’s center. ¢

Exercise 30. Define the notion interior of a convex polyhedron. Show that
the interior is a convex point set. Can you extend this notion to apply to
any polyhedron?

Solution. Each face F of a convex polyhedron & determines a half space
H,,, such that all vertices of # are on the face plane or in Hj. The interior
of # is NpHyp. It's convex because the half planes are. Approach the
definition for polyhedra in general as in the solution to exercise 8.5.9. That
isn’t easy, and it requires reconciliation of the two definitions for the convex
case. ¢
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Stanislaus Ferdinand Victor SCHLEGEL was born in 1843 in Frankfurt am
Main. He studied in Berlin during 1860—-1863, and became a secondary-
school teacher, serving from 1866 on in Breslau, Stettin, Mecklenburg, and
Hagen. He earned the Ph.D. from the University at Leipzig in 1881, did some
research on Grassmann's Ausdehnungslehre (a precursor of vector analy-
sis) and other geometrical topics, and wrote many expository books and
papers on mathematics for teachers and engineers. Schlegel turned to school
administration in Hagen in 1893 and died there in 1905.

Exercise 31. Prove that for any face-connected simply connected polyhedron
with v vertices, e edges, and f faces,

(a) 2e>3v (b) 2e>3f

(c) 3f=26+e (d) 3uv>6+e

(e) 6v>12+2e>12+3v (f) 2v=4+f.
Solution.

(a) Count the two endpoints of each edge, getting 2e. You'll count each
vertex at least three times, because there are at least three edges at
each vertex.

(b) Count the two faces abutting each edge, getting 2e. You'll count each
face at least three times, because there are at least three edges of each
face.

(¢) By (a) and then Euler’'s theorem, 3e+f >v+f=2+e.

(d) By (b) and then Euler’s theorem, Y3e+v>f+v=2+e.

(e) By (d)and then (a), 6v > 12 +2e> 12+ 3v.

(f) By (e)andthen (b), 2v>4+%e >4+f. ¢

Exercise 32. Show that a face-connected simply connected polyhedron must
have at least one face with fewer than six edges.

Solution. Otherwise, counting the two faces abutting each edge to get
2e, you'll count each face at least six times, hence 2e > 6f in the notation
of exercise 31. Part 3 of that exercise would then yield the absurdity e >
3f>6+e. ¢

Exercise 33, Part 1. Show that no face-connected simply connected
polyhedron has exactly seven edges.
Part 2. For what n is there such a polyhedron with exactly n edges?

Solution, Part 1. If e =7 in the notation of exercise 31, then by parts
2 and 3 of that exercise, 14 =2e > 3f > 6 + e =13, which is impossible.

Part 2. For n <6 there’s no polyhedron. For even n > 6, let m =
Yen; a pyramid whose base has m edges has itself n edges. For n=7
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there’s no such polyhedron. Forodd n>7, let m =% (n - 3). A pyramid
whose base has m edges hasitself n - 3 edges. Based on one of its triangular
faces erect a tetrahedron whose altitude is small enough that the resulting
object & is still a face-connected simply connected polyhedron. % has n
edges. ¢

Exercise 34. A European football is made of leather pieces in the shapes
of regular pentagons and hexagons. They're sewn together so that each
pentagon is surrounded by hexagons and each hexagon is surrounded
alternately by pentagons and hexagons. From Euler’s theorem, deduce how
many pentagons and hexagons must be used. How many vertices and edges
are there? How is the ball related to the regular polyhedra? What’s the
symmetry group of the ball? Draw its Schlegel diagram.

Solution. Let fy and f; denote the numbers of pentagons and hexagons,
so that f +fs =/ in the notation of exercise 31. Visit each edge, counting
the two abutting faces; you'll get 2e =5f, + 6f,. By the description, three
edges meet at each vertex. Count the two endpoints of each edge, getting
2¢ = 3v. Each vertex lies on exactly one pentagonal face, so v=>5f5. Solve
these four equations plus Euler’s to get f5=12, f, =20, f=32, e=90,
and v =60. You can make the ball by truncating a regular icosahedron.
It has an .4, symmetry group. Figure 8.5S.8 shows a Schlegel diagram for
the ball. ¢

Exercise 35. Find and describe in detail all deltahedra with eight faces
that aren’t regular octahedra.

Solution. Use the notation of exercise 31 and let v;, v,, and vy denote
the numbers of vertices incident with 3, 4, and 5 edges. Euler’s theorem
yields v -e+8=2, hence e=v+6. Visit each face, counting edges; you'll
get 83 =2¢, hence e =12 and v =6. Visit each vertex, counting
edges; you'll get 3v; +4v, +5v,=2e=24. This equation has solutions
<v;, 0, Us>=<0,6,0>, <1,4,1>, <2,2,2>, and <3, 0, 3>. The first de-
scribes a regular octahedron. You can show that the second and last solutions

Figure 8.5S5.8
Schlegel diagram for
a European football
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can’t describe any polyhedron—there’s no way to connect the vertices like
that. To form a polyhedron & with v;=v,=vs=2, a_ttach two regular
tetrahedra NOPQ and PQRS along an edge E = PQ, remove faces

AOP® and APQR, and add edge OR and faces AOPR and AOQR.
I looks like a tightly stretched tent; its symmetry group is 4,,. ¢

A polyhedral vertex incident with exactly n edges is called n-valent.

Exercise 36. Show that there’s no convex deltahedron with one 4-valent
and ten 3-valent vertices.

Solution. If such a deltahedron 9 existed, the 4-valent vertex V would
be adjacent to exactly four 5-valent vertices W, X, Y, and Z. Each of the
faces AVWX, AVXY, AVYZ, and AVZW would share its edge opposite
V with another face different from those four. That would yield faces
AWXR, AXYS, AYZT, and AZWU. If R=T or S=U, then R=8=
T="U, else one of those edges would lie on more than two faces. But those
equations would make W, X, Y, and Z 4-valent. Thus R, S, T, and
U must be distinct, which yields four more faces AXRS, AYST, AZTU,
and AWUR. The nine vertices and twelve faces identified so far constitute
part of the deltahedrally stellated square antiprism—what’s lacking is the
square pyramid with base RSTU. It would have one more vertex, which
would be 4-valent. But 2 must have exactly two more vertices, each 5-valent.
Each of these would be connected with the other and with R, S, T, and
U. But that would make some edges shared by more than two faces. ¢

Exercise 37. Show that a convex deltahedron @ with eight vertices, half
4-valent and half 5-valent, must be connected like the Siamese dodecahedron
in figure 8.5.12. Show that there actually is a deltahedron with this
structure.'

Solution. By Euler’s theorem, 2 must have eighteen edges. No 4-valent
vertex V can be surrounded by 5-valent vertices. For then, each adjacent
pair of 5-valent vertices would have a common neighbor different from
V, hence two opposite 5-valent vertices would have a common 4-valent
neighbor. That requires more than eighteeen edges. Thus, there must be
two neighboring 4-valent vertices. Make two assemblies of three equilateral
triangles as in figure 8.5S.8, with the center triangle joined flexibly to the
outer triangles along edges BC and CD. Now join the two assemblies
together, flexibly, along edges AB, BD, and DE. Flex the resulting

15 This deltahedron was studied first—at least in print—by Rausenberger (1915), then again
by Freudenthal and van der Waerden (1947). Their publications addressed audiences of
German and Dutch secondary school teachers. The latter authors named the polyhedron
to suggest a resemblance to Siamese twins.
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B D
A C E
Figure 8.5.12 Figure 8.55.9
Siamese dodecahedron “Tent” folded flat

structure so that it forms a sort of tent, which must be part of 2. Opposite
C lies another vertex F joined by edgesto A, B, D, and E. If A, C,
E, or F were 4-valentin &, it would “close” to form a regular octahedron,
with too few faces. Therefore 2 must have two pairs of adjacent 4-valent
vertices, each pair surrounded by 5-valent vertices. There must be two “tents”
fitted together—the second upside down—along the zigzag edges joining
A, C, E, and F.

Do two such “tents” actually fit together? The first one flexes continuously
from the flat two-layer form in figure 8.5S.9, with AE twice edge length
s and CF=0, to a dipyramid with AE=0 and CF>0. A graphof AE
against CF must cross the line AE = CE. (Details of the relationship
between these quantities are irrelevant, as long it’s continuous.) Therefore
you must be able to flex the tent so that segments AE and CF are
congruent.’® Now let M and N be their midpoints, and consider right
triangles AAMC and AENC. By Pythagoras’ theorem,

(AM)? + (MC)*=5s*=(NC)*+ (NE)*.
From AM= NC follows MC= NE, hence /ACM =/NEC, and m/ACE =
2m/ACM =2m/NEC =m/CEF. Thatis, the “tents” fit together perfectly. 4

Exercise 38. Identify the symmetry groups of the cuboctahedron, rhombic
dodecahedron, the deltahedra in figures 8.4.25 and 8.4.26, and the Siamese
dodecahedron.

Solution. Cuboctahedron, rhombic dodecahedron,

deltahedrally stellated square prism . . . ... o,
Deltahedrally stellated triangular prism ...... D,
Siamese dodecahedron ..................... Dy,.

16 Different flexing yields the tent-shaped deltahedron of exercise 35.
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PLATO was born about 427 B.C. in Athens, the son of noble, aristocratic
parents. Through family connections he knew the philosopher Socrates, who
was certainly the greatest influence on his development. The mathematician
Theodorus of Cyrene was also in Athens during Plato’s youth, and is reported
to have been his teacher. After Socrates’ execution in 399 B.C., Plato traveled
for several years, then returned to Athens and founded there a school, the
Academy, which he headed until his death about 347 B.C.

Under Plato’s direction, the Academy became the center of studies in
science, philosophy, and law; it was perhaps the first university. Its mem-
bers included Theaetetus and Eudoxus, who made major discoveries in
geometry essential to Euclid’s later codification of that subject. A correspon-
dent was the Pythagorean scientist and statesman Archytas of Tarentum,
who was a major influence on Plato’s own ideas.

Plato’s writings, most in the form of dialogues, all survive, and have
maintained a major influence on western philosophy ever since. They include
inquiries into virtually all areas of the philosophy of his time. Plato was not
himself a mathematician, so mathematics appears only occasionally in his
works. The main example is in the dialogue Timaeus, in which Plato,
through the words of the probably fictitious, vaguely Pythagorean title
character, expounds his theory of the structure of matter based on properties
of the regular polyhedra.

Timaeus was written during 368—348 B.C. (though its setting is some fifty
years earlier). In 368 and 361 B.C., Plato visited cities in Sicily and in south-
ern Italy, where Pythagoreans were influential, hoping to put into practice
there his theory of the ideal political state. After meddling into local affairs,
he was imprisoned, and apparently was extricated only through the efforts
of his friend Archytas. Plato’s political aspirations were never realized, but
these escapades perhaps enhanced the Pythagorean influence on his late
writings and on the mathematical work among the scholars at the Academy.

Plato’s greatest student was Aristotle, who left the Academy to found his
own school, the Lyceum. The Academy, however, continued in existence until
A.D. 529.

Exercise 39. Construct a polyhedron with an %, symmetry group, in the
style of figure 8.4.30. Show how to construct convex polyhedra with @,,
D,, % €., and J;, symmetry groups.

Solution. For a first polyhedron with %, symmetry group, see figure
8.55.10. Yale suggests “shaved” prisms and antiprisms for the convex
polyhedra.'” ¢

Exercise 40. Construct polyhedra with symmetry groups €;, %,,, %,
and 9,,, as described in table 8.4.2.

17 11968] 1988, section 3.2.
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| Figure 8.55.10 Polyhedron
1 with %, symmetry group

Solution. For €;, a cube with L and T" motifs centered on a pair of
opposite vertical faces. For €,,, a cube with = motifs centered on a pair
of opposite vertical faces. For %,, a cube with / motifs centered on a pair
of opposite vertical faces. For @,,, a cube with V motifs centered on a pair
of opposite vertical faces and A motifs centered on the other two. ¢

Exercise 41. Use this book’s references, your library, museums, commercial
shops, and buildings in your neighborhood to find functional and ornamental
examples of polyhedra with as many different symmetry groups as possible.
Expand the selection in exercises 1 and 2.

Solution. Not available. ¢
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