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Consider a partially ordered set <X,<> and a subset Y < X. An element x of X is
called an upper bound of Y if y <x for every y € Y; it’s a lower bound of Y if x <y
for every y € Y. If the set of upper bounds of Y has a minimum element, it’s called the
supremum of Y, written VY. If the set of lower bounds of Y has a maximum element,
it’s called the infimum of Y, written AY. Clearly, if Y has a maximum element x, then
x = VY. Moreover, if Y has a supremum x, and x € Y, then x is the maximum
element of Y. Taking Y = X, you can see that the notions “supremum of X” and
“maximum of X” coincide. Similar statements hold for infimum and minimum. Taking
Y = ¢, you can see that the notions “supremum of ¢” and “minimum of X” coincide,
as do “infimum of ¢” and “maximum of X

If every subset of X has a supremum and an infimum, then <X, <> is called a
complete lattice. For example, consider <&S,c> for any set S, <I, <> for any bounded
interval I of natural numbers, and <I,<> for any closed bounded interval I of real
numbers. The partially ordered set <7, <> is not a complete lattice because 7Z has no
supremum. For the same reason, <I,<> is not a complete lattice if I is the interval
[0,2) of real numbers. Consider theinterval I = {x € ©Q:0 <x < 2} of rational numbers:
<I, <> is not a complete lattice because {x € I: x* < 2} has no supremum.

The definition of “complete lattice” can be simplified: you need only check that every
subset of X has an infimum, for the supremum of a set is then the infimum of the set
of all its upper bounds. Dually, you could just verify that every subset of X has a
supremum.

A nonempty family F of sets is called a Moore family if it has a maximum member
X and contains the intersection of each of its nonempty subfamilies:

SeF= ScX ¢+ Sc F= NSe 7.

<F,=> is then a complete lattice because each of its subfamilies has an infimum. For
nonempty subsets &< F, we have AS = NS, while A¢p = X. Moreover, for any
Sc ¥,

Vé=N{T:UdcT}.

There are many familiar Moore families in algebra, including the subgroups of a group,
its normal subgroups, the subrings of a ring, and its ideals.
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A closure operation on a nonempty set X is a function ¢ : £X - £X such that for all
A,BcX,

Acc(A) c(c(A)) =c(A) AcB = ¢c(A) cc(B).

From these properties of ¢ you can easily derive the following rules: if A, c X for all
1 €1, then

U.c(A) ce(U,A) c(NA) <N c(A).

A subset A c X is called closed under c¢ if c(A) = A. Let F denote the family of all
closed subsets of X. Apparently, &, is the range of ¢. Moreover, X is itself closed and
the intersection of any nonempty family of closed sets is closed. Thus &, is a Moore
family.

Now let F be any Moore family of subsets of X and define c;: X - X by setting
cs(A) =N{Be F:AcB}
for every A c X. You can check easily that for all Ac X, ¢(A) =A = A€ ¥, and that

¢y is a closure operation on X.

If in the previous paragraph J is the family of all subsets of X that are closed under
some closure operation ¢, then ¢ = c;. Moreover, if ¢ is a closure operation on X that’s
induced, as just described, by a Moore family J, then &, = F. Thus the notions “closure
operation” and “Moore family” are just two aspects of the same concept.

The following fixpoint theorem—due to Alfred Tarski in 1955—is used in the theory
of cardinals: if <X, <> is a complete lattice, f: X - X, and
x<y = fx) <f(y)
for all x,y € X, then f(x,) = x, for some x, € X.
Proof. Let
x,=V{xeX:x<f(x)}.

Then forall x e X, x < f(x) = x <x, = f(x) <f(x,) = x <f(x,). Therefore x, < f(x,);
this implies f(x,) < f(f(x,), and thus f(x,) < x,.

Routine Exercises

1. A partially ordered set <X, <> is called conditionally complete if (i) each subset
of X that has an upper bound has a supremum, and (ii) each subset of X that has
a lower bound has an infimum. Show that (i) holds if and only if (ii) does, so that
this definition could be simplified. Suppose <X, <> is conditionally complete. Let
a and S be two objects not in X and define
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{/\ X if this exists {VX if this exists
—00 = + o0 =

a otherwise B otherwise

X* =XU {_oo,-l—oo}
<F ={<—w,x>:xeX*tu<u{<x,+o>:x€ X*}.

Show that <X* <*> is a complete lattice, and that it’s a linearly ordered set if
<X,<> is.

2. Let V be atwo-inch by four-inch rectangular region, and define

P={{p}:p isapointin V}
X={K:K isacircular region in V}
X= PuX.

Then <& <> is a partially ordered set. Describe any maximum, minimum,
maximal, or minimal members of &. What suprema and infima exist? Is <& <>
a complete lattice? How does the situation change if you include the empty set in
8?7 The region V itself?

3.  Apartially ordered set <X, <> in which each two-element subset has a supremum
and an infimum is called a lattice. For each x,y € X, define

xvy = V{x,y} xANy =Mx,y}.
Prove the following rules:

XVXx =x Idempotency

XANX =X

XVy=yVvVx Commutativity

XAy =yVvVx

xVyvz)=&vy Vz) Associativity

XANYANz)=@AY)A2)

xVxAy) =x Absorptivity

xAN(xVy) =x
XVy=y © x<y < XAy =X.

Show that every linearly ordered set is a lattice. Display Hasse diagrams for all
lattices with five or fewer elements. Show that all finite lattices are complete.

4. Display Hasse diagrams for the families of all subsets of sets of one, two, three, and
four elements; and for the families of all equivalences on sets of one, two, three,
and four elements.

5. Let <X,<> be acomplete lattice, I be a nonempty set, and x : I X I - X. Show
that
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Find examples to show that < canbe = or #.
6. Let <X, <> be acomplete lattice. For each a,b € X, define the closed interval
la,b] ={xeX:a<x & x <b}.
Show that the intersection of any nonempty family of closed intervals is a closed
interval.
7. Let <X,<> be a partially ordered set and define ¢ : X -~ X by setting, for each
x € X,
px)={teX: t<x}.

My notes “Partially ordered sets” showed that ¢ is an injective homomorphism
from <X, <> to < #X,c>. Suppose y,€X, Yc X, and y, = AY. Show that

o) =p(y,) .

yeY
You can say then that ¢ “preserves infima” Give an example to show that ¢
doesn’t necessarily “preserve suprema.’

8.  In Tarski’s fixpoint theorem, consider x = A{lx e X :x > f(x)}.

Substantial problems

1. Alattice <X, <> is called modular if for all x,y, z € X,
x<z =>xV(yrz)=(xVy Az.

Show that the normal subgroups of a group form a complete modular lattice. Show
that there’s just one isomorphism class of lattices with five or fewer elements that
aren’t modular.

2.  Alattice <X, <> is called distributive if

1) xV(ynz)=(xvy)A(xvz) forall x,y,ze X
i) xA(yvz)=(@Ay)Vv(xAz) forall x,y,z€X.

Show that (i) holds if and only if (i7) does, so that the definition could be simplified.
Show that every distributive lattice is modular. Show that there are just two iso-
morphism classes of lattices with five or fewer elements that aren’t distributive.

3.  Consider the complete lattice <&,c> where & is the family of all equivalences
on some nonempty set X. Let @< &. Show that for all x,y € X, x (V@) y if and
only if there exist E,,...,E, € @ such that x (E, |...| E,) y. Show that when X
has more than three elements, this lattice is not modular.
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