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1. In class. Here is the “standard” proof that N < U for every infinite set U. It’s
different from the one in the Maximal Principles unit.

Given an infinite set U.

To find: an injection f: N - U.

By the axiom of choice there is a function c: (PU)-{¢} - U such that ¢(S) €
S for every nonempty subset S c U.

Let u be any element of U.

Define d =cu {<¢,u>}.

Then d : LU - U and d(S) € S for every nonempty S c U.

Define g: N X P(N x U) - U by setting

g(<n,e>)=d(U-{veU:(3meN) <m,v>€ce & m<n})

forall neN andall ec N x U.

By substantial problem 5 in the Maximal Principles unit—that is, the recur-
sive definition theorem—since <N, <> is well-ordered, there’s a unique
function f: N - U such that for each n € N,

f(n)=gl<n,{<m,f(m)>:meN & m<n}>)
=dU-{veU:(dmeN)[v=f(m) & m<n})
=dU-{f(m) . meN & m<n})

I claim f is injective. Suppose not.

1. Then there would exist a smallest n € N such that (/) = f(n) for some
leN with [ < n.

. If U={f(m):meN & m<n},
(1) then {<m,f(m)>:meN & m <n} would be a bijection from

{meN:m<n} to U,

(2) which is impossible because U is infinite.

iii. Thus U-{f(m):meN & m <n} # ¢,

iv.. sof(n)eU-{f(m):meN & m <n},

v.  which is impossible because f(n) = f(1).
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